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Abstract 

We introduce partially ordered sets (posets) with an additional structure 
given by a collection of vector subspaces of an algebra A. We call them 
algebraically equipped posets. Some particular cases of these, are generalized 
equipped posets and p-equipped posets, for a prime number p. We study their 
categories of representations and establish equivalences with some module 
categories, categories of morphisms and a subcategory of representations of 
a differential tensor algebra. Through this, we obtain matrix representations 
and its corresponding matrix classification problem. 

Mathematics Subject Classification: 06A11, 16G20, 16G60. 

Keywords: Equipped poset, Algebraically equipped poset, Representation, Corep¬ 
resentation, Matrix problem, Right-peak algebra, Ditalgebra. 

1 Introduction 

Representation theory of partially ordered sets (posets), and posets with additional 
structure, has its roots in the representation theory of finite-dimensional algebras 
mununuis]. It is strongly related to the theory of rings and modules j l3l t 25ll26l] . 
the theory of abelian groups wm, the theory of modular lattices, and the theory 
of bilinear and quadratic forms {9l ll4IFl61l21j . 

A significant example of posets with additional structure are equipped posets 
[IZUI81I2UIE21E3] , they are posets with an order relation of two kinds. The ideas of 
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those researches were extended in two senses: In \2A\ , the terminology was mod¬ 
ified and generalized equipped posets were introduced and their representations 
were studied over Galois field extensions, embracing completely the case studied in 
almost all the previous papers on the matter. On the other hand, in [8], there were 
introduced posets equipped with three kinds of binary relations (three-equipped 
posets) and its representations and corepresentations were defined over an insepa¬ 
rable cubic field extension. These works use, mainly, matrix methods. 

Equipped posets (in all senses mentioned above) of finite-representation type 
were described in fact in |13| . in the course of a research about schurian representation- 
finite vector space categories. 

In order to study relations of the representations of equipped posets with the 
representation theory of algebras, we introduce posets with an additional struc¬ 
ture given by a collection of vector subspaces of an algebra A. We call them 
algebraically equipped posets. Generalized equipped posets and p-equipped posets 
(also introduced in this paper), for a prime number p, are particular cases of these. 

To every algebraically equipped poset, it is assigned an algebra A, in such a 
way that its representations are the objects of a subcategory of A-modules. If the 
equipment of the poset (i. e. the collection of vector subspaces) satisfies some 
conditions, A is a right-peak algebra, in the sense of [19] and m- 

We can extend an algebraically equipped poset, as in [5], to obtain an algebra 
A, which is right-peak, left-peak and 1-Gorenstein. Moreover, the category of 
representations of the original poset is equivalent to the category of right A-modules 
with projective socle, which do not have the projective-injective A-module as a 
direct summand. 

This last category is, in turn, equivalent to the category V, of right A-modules 
with injective top, which do not have the projective-injective A-module as a direct 
summand. Every object M £ V has a minimal projective presentation P\ — > P2, 
where Po is projective-injective and Pi belongs to V. 

The category Ad formed by the morphisms of the form P\ —> P 2 , has an exact 
structure £ with enough projective and injective objects, and it holds Ext|(M, N ) = 

0, for all M, N € Ad. Then Ad is hereditary, in contrast to U and V which, in gen¬ 
eral, are not hereditary. We prove that U and V are equivalent to the the category 
Ad modulo the morphisms which have a factorization through objects of the form 
P^O. 

We will show that Ad is equivalent to the category of representations of a 
differential tensor algebra. Through this, we obtain matrix representations and its 
corresponding matrix classification problem. It should be mentioned that matrix 
problems have been an important classification tool in most of the researches about 
representation theory of partially ordered sets. 

To be more clear with the equivalences and constructions, this paper includes 
an appendix, following [6], about differential tensor algebras (ditalgebras). 
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2 Equipped posets and its representations 

2.1 p-equipped posets 

Let p be a prime number, a finite poset (IP, <) is called p-equipped if to every pair 
(x, y ) € <, it is assigned only one value i € {1, 2,... ,p}, with the notation x <r y, 
and the following condition holds: 

If x < e y < m z and x < n z, then n > min{f + m — 1 ,p}. (1) 

A relation x < y is called weak or strong, if x <* y or x < p y, respectively. It 
follows that the composition of a strong relation with any other relation is strong. 

For each point x € IP, we have that i < ( i < x implies l > min{21: — 1 ,p}. If 
l > p then i = p. And if t > 2f — 1, then 1=1. This is x <* x, or x < p x. In the 
first case, we call x a weak point, and in the second one strong. A relation between 
an arbitrary point and a strong is always strong. 

We write x <d y, if x y and x ^ y. In particular, if £ € {2, 3,... ,p — 1} we 
have x < f y. 

If a p-equipped poset IP is trivially equipped, i. e. it contains only strong points, 
then it is an ordinary poset. 

2.1.1 Representations of p-equipped posets 

Consider a p-equipped poset IP, and a pair of fields (F,G), where G is a normal 
extension of degree p over F. We know that G = F(£), for some primitive element 
£, such that £ p = q € F. 

Depending on the characteristic of F, the extension G/F may be cyclic or purely 
inseparable. 

When char F = p, the extension G/F is purely inseparable. In this case, there 
is a natural derivation 6 of G, which is an endomorphism of G, satisfying 

5(a) = 0, for all a £ F, £(£*) = for each i < p. 

Indeed, the minimal polynomial of £ over F is t p — q, and the usual derivative 
of the polynomial ring F[t], is null on the ideal ( t p — q). Then, there is an induced 
derivation of \~[t]/(t p — q), from which we obtain 5, by using the isomorphism 
f[t\/(t p — q) = G. Clearly 5 P = 0, and the Leibniz rule holds for every a,b € G, 

5(ab) = a5(b) + 5(a)b. 

If char F ^ p, let cr : G —> G be a generator of the Galois group. 

Definition 1. Let V be a G-vector space, with char F = p. An F-linear application 
d : V —> V is called 5-derivation if satisfies: 

D.l. dP = 0; 
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D.2. d(yg) = d(y)g + v6(g ), for each g G G, v G V. 

Definition 2. Let V be a G-vector space, and s : V —> V an F-linear application, 
with char F ^ p. We say that s is a a-action, if the following conditions hold 

5.1. s p = idy; 

5.2. s(va) = s(v)a(a), for every v G V, a G G; 

A representation V of a p-equipped poset IP, over the pair (F, G) 
of the form 

V = (V,r;V x :xe9) 

where V is a G-vector space with a u-action (^-derivation) r, if char F 
p), every V x is a G-subspace of V, and for all x, y G IP it holds 

t -1 

x< e y^J2 ri (V x )C v y. 
i =0 

Let V = (V, r; V x : x G IP) and V' = (V 7 , r'\ : x G IP) be two representations, 

a morphism ip : V V* is a G-linear transformation if) : V —> that commutes 
with the respective a-actions or ^-derivations, and is such that ^ V^, for 

every a: G IP. 

We denote by Rep IP the category of representations of a poset CP, this is an 
additive category, if V and V' are two representations, its direct sum is 

V © V> = (V © V', r © r'; V x © V' x : x € CP). 

2.1.2 Corepresentations 

The p-equipped posets lead naturally to the following definition: 

A corepresentation V, of a p-equipped poset CP, over the pair (F, G), is a collec¬ 
tion of the form 

V = {V- V x : x G CP) 

where V is a G-vector space, every V x is an F-subspace of V, and for all x, y € CP it 
holds 

e -i 

x< l y^Y. ^ V y . 

i =0 

A morphism i/j : V —>• V' between two corepresentations V and V, is a G-linear 
transformation ^ : V —>■ V ', such that ^(Vx) C V x , for every x G CP. 

The corepresentations and its morphisms form an additive category called 
CoRepCP. In fact, if V and V are two corepresentations, its direct sum is 

V © V' = (V © V', V x © V' x : G CP). 


is a collection 


/ p (char F = 
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2.2 Generalized equipped posets 

These posets were introduced |24| . with the following definition: 

A generalized equipped poset is a triple (IP, A, S), where IP is a partially ordered 
set, A is a finite multiplicative group, 

S = {A xy \x < y in IP} 

is any collection of non-empty subsets of the group A satisfying the condition 

A xy A yz C A xz , for any chain x < y < z in IP. (2) 

Their representations were studied over a Galois group T, of a held extension 

L K. 

We will give a definition equivalent to that of [23], by using the following idea 
of vector space with T-action. 

An L-vector space V is called space with T-action if it has a K-linear transfor¬ 
mation s a : V —> V, for each er € T, such that 

T-l. Sid L idy, 

T.2. St-Sq- S rcr , 

T.3. s T (va ) = s t (v)t(o), for every a € L. 

A representation of a generalized equipped poset (IP, T, S), where S = {T xy \x < 
y in IP}, is any collection of the form 

V=(V]V x :x€V), 

where V is an L-space with T-action, every V x is an L-subspace of V, and for all 
x,y P, it holds 

x < y implies E mu) s v y . 

Let V = (V; V x : x G CP) and V' = (' V';V X : x G IP) be representations. A 
morphism i/) : V > V' is an L-linear transformation i/j : V —> V' that commutes 
with the transformations s a : V V and s' a : V' —> V', for every a € T, and is 
such that tp(V x ) C V x , for all x € 7. 

The category formed by the representations of a generalized equipped poset 
and the morphisms between them, is denoted Rep(!P, T, S). 

Remark 3. If IP is a p-equipped poset and we consider its representations over 
a cyclic extension G/F, we have a particular case of generalized equipped poset 
(IP, T, S) in which T is the cyclic Galois group generated by <r and for every x y 
in IP, 

r xy = {cr®|0 <i<i - 1}. 

Notice that a G-space V, is a space with T-action if and only if is a space with 
cr-action, in the sense of the definition [2] So we conclude that the categories Rep IP 
and Rep(!P, T, S ) are the same. 
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3 Algebraically equipped posets 

Definition 4. Let K be a field, A be a K-algebra and (IP, <) be a partially ordered 
set. A 7-multiplicative system, 1Z, is a collection 

1Z = {7 Zij C A | i, j £ 7 such that i < j, }, 

of K-vector subspaces 7Z hJ of A, that satisfy the following conditions: 

M.l For every i,j, l £ IP with i < j <1, we have TZijTZji C lZ t [. 

M.2 For every i £ IP, the space 7L; = 7?,,; * is a K-algebra with unit 1,;, such that for 
all r £ 7*h.j it holds l.;r = r = rlj, for each j £ IP, i < j. 

The triple (IP, A, 7Z) is and algebraically equipped poset. We say that 1Z is an 
equipment of the poset IP, over A. 

Definition 5. A representation L, of an algebraically equipped poset (IP, A, 1Z), is 
a collection L = (L,Li : i G IP), where L is a right A-module, and Lj is a vector 
subspace of L, for every i £ IP, such that the following conditions hold; 

L.l LjJZij C Lj, for each pair i , j € T, with i < j. 

L.2 al-i = a, for all a £ Lj. 

A representation m.orphism h : L —>• M, is an right A-module morphism h : 
L —> M, such that /i(Lj) C M % , for every i £ IP. 

The representations and the morphisms between them form a category called 

Rep(lP, A, 7Z). 

3.1 Algebraically equipped posets associated to Gener¬ 
alized equipped posets 

Representations of generalized equipped posets were studied over a Galois field 
extension L/K, so we will construct an equipment T for a poset IP, over the algebra 

A = (End« L) op . 

Every a € L, determines a K-endomorphism n a : L —> L, given by multiplication, 
that is, 

H a (b ) = ab, for all b £ L. (3) 

Notice that, for every a in the Galois group T, 

(crp, a ){b) = a(ab) = a{a)a{b) = ^ CT(a) a(6). 
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The K-algebra End|< L has a left L-vector space structure given by the identi¬ 
fication of every l G L with m, then, for all h G EndK L and 1 G L, we identify 

Ih = fjLih. This product gives to A a right L-vector space structure. 

Due to the linear independence of the Galois automorphisms over L (see |12|). 

dim L Ua a <?\a a G L j = [L : K], 

And dimL EndK L = [L : K], then any h E EndK L can be written in a unique 
way as 

h = ^2fi a!T a, ( 4 ) 

aer 

for some a a € L. 

For h, h! G EndK L, the multiplication in A is denoted by h * h! = h'h. 

Let (CP, T, S') be a generalized equipped poset with, S = \F X y\x < y en T}. 

Consider the L-vector subspaces T x ,y C A spanned by T xy , for x < y, 



If x < y < z in IP, a G T xy , r G T yz and a, b G L, we have 

ha&UbT l^al^ij(b) ^arr(b)^X■ 

By Condition J2J) in the definition of generalized equipped poset, 

Tx } yTy t z C 7 x,Z- 

For all iGT, the set r x = F XtX is a subgroup of T, so we call K(x) its hxed 
field. 

If a G Tx = T x ,x, H can t> e written as a = a * AW, f° r some a a G L. 

Therefore, every T x is a K-subalgebra of A, and 

% - (End K{x) L) op . ( 5 ) 

Then, the collection T = {T x , y C A | x, y G T such that x < y, } is a IP- 
multiplicative system. 

Theorem 6. Using the notation of this section, the categories Rep(T, T, S) and 
Rep(T, A, T) are equivalent. 

Proof. Consider V = (V; V x : x G T) G Rep(lP, T, S), let us dehne the following 
action of A over V ; 

va = YMvK-* ( 6 ) 

trer 
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for every v € V y a € A, of the form a = Xlo-er a * Ra<r> f° r some a & £ L. 

Notice that when a is the unit of A, we have va = v for all v G V. And if 
a, t £ r and a, b G L, 

(va * fi a )r * fJ-b = ( s a (v)a)T * n b = s T (s a (v)a)b 
= s T (s a (v))T(a)b 
= s ra (v)T(a)b 

= v(ra * /r r ( a )fe) = v(ra * fi bT{a) ) 

= v(iibT(a)i~cr) = v(n b n T ( a )ra) 

= v(fi b (fi T ( a )i~)a) = v(fi b Tfi a a) = v((fi a a) * (y b r)) 

= v((a * Ha) *(t* fl b )). 

That is, for every a,b £ A 


( va)b = v(ab ); 

so the action ((6|), gives a right A-module structure to V, and is such that, 

V x %,y C Vy, 


is equivalent to 

E * a (V x ) C Vy. 

O'^Txy 

Therefore, V is an object of Rep(T, A,T). 

If V = (V, V x : x £ 7) € Rep(T, A,T), as V is a right A-module, then it is a 
right L-module by using the identification 

L = {fi a \a 6 L} . 

So V is an L-vector space. To give it a T-action, we define for each a € T 

s a : V —> V : v i->- va. 

Clearly, with this definition 


Vx7x,y Vy, 


if and only if 

E ^ V v 

O'ET'xy 


r, 


By the A-module structure of V, the condition T.l holds, and for v € V, a,T £ 
s T (s a (v)) = (va)r = v(a * r) = v(ra) = s TrT (v); 
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then, we have T.2. 

The condition T.3 is satisfied because for a £ L 

s„(ya) = vaa = v{y a * a) = v(cry a ) = v(n a ^a) = v(a * /V(a)) = s a (v)a(a). 

Hence, V is an L-space with T-action, and V € Rep(IP, T, S). 

Let V = (V, V x : x £ !P) and V' = (V 7 , V x : x € T) be two representations of 
(fP, A,T). An application h : V —>• V' is a morphism in Rep(fP, A, T), if and only 
if, h is an A-module morphism and h(V x ) C V x , for all x € T. That is, for every 
v € V, a € A, we have that h(va ) = h(v)a, and by (0J, this is equivalent to have 

h(v(<7 * m)) = h(v)(a * m) 
h{s a (v)l) = s' a (h{v))l. 


for every er G T, l £ L. 

And the last happens if and only if h is L-linear, and commutes with every s a 
and s' a . 

We conclude that h is a morphism in Rep(iP, A, T), if and only if, it is a mor¬ 
phism in Rep(T, T, S), and the theorem is proved. □ 

3.2 Algebraically equipped posets associated to ^-equipped 
posets 

3.2.1 Equipment over a field 

Let (F, G) be a pair of fields as in the section l2Tl 

Definition 7. Let IP be a p-equipped poset. The held G, is an F-algebra, so we 
can define a IP-multiplicative system Q = {Q x , y CG | x, y £ IP such that x < y, }, 
by assigning to each x y in T, the F-space 

For every x,y,z P such that x < £ y < m z, we have 

Qx, y Qy, z = F(i,e,e 2 ,---,^ +m_2 )- 

If 1 + m - 1 > p, then Q XiV Qy iZ = F(l,£,£ 2 ,... ,£ p_1 ) = G. 

By the condition (H|) in the definition of p-equipped poset, x < n z. with n > 
min{t + m — 1, p}, so 


Q X ,yQy lZ ^f(l^,e,---,e- 1 ) = Q: 


therefore Q satishes M.l. 
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y, and Q x ,y = G if x < p y. In particular, 

if x is weak, 
si x is strong, 

this is, Q satisfies the condition M.2, then it is a IP-multiplicative system. 

We conclude that (IP, G, Q) is an algebraically equipped poset. 

For any collection V = (V; V x : x £ IP), where V is a G-module, so it is a 
G-vector space, and each V x is an F-subespace of V, we have that, for all x y in 
IP, the condition V x Q x/y C V y is equivalent to Yli =o — Vy 

Hence, V £ CoRep IP if and only if V £ Rep(CP, G, Q). 

Obviously a morphism in CoRep IP is a morphism in Rep(CP, G, Q) and vice 
versa. Then, we have the following equivalence: 

CoRep CP = Rep (IP, G, Q). 


It is clear that Q x , y = F, when x 



3.2.2 Equipment over an endomorphism algebra 


Let CP be a p-equipped poset, and Rep CP its category of representations over the 
pair (F,G). Consider the F-algebras 


End F G and A = (End F G) op . 


As in Section 13.11 the multiplication in A is denoted by h * h' = h'h, for all 
h, h! £ Endp G. 

From every g £ G, we obtain an F-endomorphism : G —>• G, given by, 


fig (a) = ga , for all a £ G. 


(7) 


We denote $ 


v, 


if char F ^ p, 


I 5, if char F = p. 

In the following result, we define an equipment for a p-equipped poset CP, over 
A. If char F ^ p, by Remark [3l the poset CP is a particular case of generalized 
equipped poset, then the CP-multiplicative system we will construct next, is the 
same as in the section IQ 


Proposition 8. Let CP be a p-equipped, poset. The colection 

'T = \Tx.y = A(_ | X < y}x,y&i 

where, to every x y in CP, it is assigned the following F-subspace of A, 


l -1 


u-i 


A e = F(JT'd l *p gi g l £G) = F(Y J Fg i >r\ 9i F G), 


<i=0 


<i =0 


is a CP -multiplicative system that satisfies 


T x —G , if x is weak, and 
T x = A, if x is strong. 
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Proof. Clearly, 


A\ — F (fi g | g £ G) = G. 

For every weak point x £ IP, by definition x < x x, then T x = G. 

If t > p, 

= F ^E>^ I 9i£Gj=A p , 

because d p = 5 P = 0, or i9 p = a p = idQ. 

When char F = p, we have that i? = 5 and for all a, g € G, 

(5/r 5 (a) = <%a) = e/5(a) + 5(g)a = g g 5(a) + Hs( g )(a). 

We suppose, as induction hypothesis, that k £ N, 

= E (* (») 


1t—\ 

\ i =0 


I 9i G G 


for fc E N. 

By composing with 5, 

<5 fc+ v 3 = E ( 

= E (j) ^Si(9) 6 + /W+l(g))6 fc_ * 

= ^3<5 fc+1 + • ■ ■ + ^ 

+ (j _ + (^/W(g)<^“ l+1 

+ L J H-F Ps k +I(g) 

= E( fc tVw^* 

i=0 V ' 

Then, we have ([8]) for every k. 

If char F p, as i? = a, then for all a, g € G, 


(<Jfi g )(a) = a (go) = a(g)a(a) = g a{g) a(a). 

For any natural number k, and any g £ G, let us give the induction hypothesis 

a Pg = /V fc (g) fJ • (9) 
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By composing with <r 


_/c+1,, _ .. A; 

a Hg — (7fi a k^(J 

k-\-l 

/i ( 7 fc+ 1 (p)^' 

Hence Q holds for every k. 

Consider x y < m z in IP, for a, b £ G. when char F = p 


e-i 


= y 

i =0 


i- 1 


Ci 


£+ra— 2 —z. 


or, if char F ^ p 

Therefore (M ^ _1 * /ia )(^ m_1 * Mb) € A n , where n = min{£ + m — l,p}. That is, 


,, £—1 m— 1 _ ,, r+m —2 

Ma * 7 kb® ~ kacr 1 - 1 ^)® 


AgA m C 


Moreover, if ^ + m — 1 > p, then C and if n < p, any element of the 

form M n * ^b € M n , can be written as (M m * /r&), where (! < t and m' < n, so 
k n * kb £ AgA m . We have that 

= M n , where n = min{t + m — l,p}. (10) 

By the definition of a p-equipped poset (see (HJ), x <* z. with t > n, then 

Tx,yTy,z 'x,z'i 


so T satisfies the condition M.l. 

Notice that An is an Mi-bimodule, for 1 < l < p, and, when char F ^ p, due to 
linear independence of that Galois automorphisms, 

dinu 1 Ag = £. ( 11 ) 

If char F = p, consider a non trivial equation in Ag, of the form 

Mai + 5 * ka 2 + • • • + ^ 1 * ken = 0, 

this is equivalent to 

Mai + Ma 2 ^ + • • • + ka e $ 1 = 0. 

Let i be the minimum index such that 7 ^ 0, composing by p -1 

u i 

< 5 * 1 + kbi+ifi 1 + ’ ’ ’ + kb e $ l 1 = 0 , 
where bj = djd ” 1 para j € {i + 1, 1}. Then 

S*- 1 = -kb i+1 S i - kb/' 1 . 


12 


Composing the previous expression from the right by 6 p ~ l , we obtain = 0, 
which is a contradiction. Then, the equation (1111) holds for any characteristic of F. 
As dim^j A p = p, then A p = A. 

Therefore 


T r 


A\ = G, if a; is weak, 
A p = A, if x is strong. 


for each x G T, 

So T also satisfies the condition M.2., which finishes the proof. 


□ 


For the categories of representations we have the next result. 


Theorem 9. If Rep T is the category of representations of a p-equipped poset 7, 
over the pair (F, G), we have the equivalence 


Rep IP = Rep (IP, A, T); 


where A = (Endp G) op and T is the IP-multiplicative system defined in Proposition 

0 

Proof. By Remark [3l when char F / p, we have the present result because of 
Theorem 1 So we will deal in this proof with the case char F = p. 

If V = ( V , r; V x : x G CP) G Rep IP, we want to give to V a right A-module 
structure. 

Every a £ A can be written, in a unique way, as 

p -1 

a = 

i =0 

for some gi G G. 

We define the following action of A over V, for all v G V: 

p -1 

va = ^2 r \ v )9i- 

i =0 

If a is the unit in A, it is clear that va = v for any v G V. 

To prove that this action gives to V a right A-module structure, it is enough to 
prove that for every a,b G A, of the form a = d 1 * p g = /igd 1 and b = W *ph = g.h'd 3 , 
for some g, h G G we have: 


(va)b = v(a * b) = v(ba). 


( 12 ) 


If char F = p, we have that d = 5 and r = d is a (5-derivation. By D.2., for all 
v G V, g G G y j < p, 


s=0 


d j (vg) = Y / ( )d j - s (v)S s (g). 
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Then 


Furthermore, 


(v(ji g S t ))(iJ. h S 3 ) = [d l {y)g)\{fi h 5 J ) 

= d\d\v)g)b = J2 ( 3 )d?-«-'(v)6 a (g)h. 

5 = 0 W 


Therefore, 

v[{g h d 3 ){g g d 1 )} = (^d J+l ~ s (v)6 s (g)h. 

5=0 

Consequently (1121) holds. 

We conclude that V is a right A-module. 

Notice that, for x y in T, the condition 

V x Tx,y C Vy, 


is equivalent to 

l -1 

Y ri{ y*)^ v v 

i =0 

Hence (V, V x : x € T) is an object of Rep (IP, A, T). 

Conversely, if V = (V, V x : x £ T) £ Rep(CP ,A,T). As V is a right A-module, 
in particular it is is a right G-module. We define r : V —> V for v £ V , 

r(v) = v&. (13) 

When char F = p, we have r p (v ) = v5 p = 0. And, for all v € V y g £ G, 

r(vg) = (vg)(S) = ( vn g )(6) = v(g g * 5) = v(5g g ) 

= v{g g 5 + fi 5{g) ) = r(v)g + vd(g). 

So r is a h-derivation. 

With this r, we have again 


l -1 


Vx%,y C 


V n 




4 = 0 


for every x <? y in T. 

Therefore (V, r; 14 : x £ IP) € Rep T. 
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For two representations V = (V, V x : x G CP) and V' = (V',V X : x G CP) of 
(CP, A, T), an application h : V -t-V' is a morphism in Rep(CP, A, T). if and only if 
it is an A-module morphism, and h(V x ) C V x , for every x G CP. Then, for v G V, 

a = Ef=o 9i € A > 

h(ya) = h(v)a ; 

/ p-i \ p- i 

h * Vgi, 

V i=0 / i=0 

by using (fl3l) . 

h = ^2(r'y h {v)fi gi . 

\i= 0 / i=0 


The last equation holds if and only if /i is G-linear, commutes with r and R, 
and h(V x ) C V^, for all £ G CP. That is, h is a morphism in Rep(CP, A, T), if and 
only if it is a morphism in Rep IP. The theorem is proved. □ 


4 Incidence algebras 

Given the algebra M m (K), of matrices of size m over a field K, its standard basis 
elements are the matrices Cij. with 1 at the place ( i,j ) and 0 otherwise. Recall 
that the incidence algebra A(CP), of CP over K, is a subalgebra of _A/f m (K) spanned 
by the elements e*with i < j in CP (see for instance 0 ), i- e„ 

AW = © e i,j K • 

i<j 

i,je? 


Let (CP, A, 1Z) be an algebraically equipped poset. 

Notice that 7 Zij is a AL-Alj-bimodule, for all i. j G CP. 

We define 

A = A.(1Z) = eijTZij-, 

i<j 

i,j& 

which is a subset of the K-algebra 0 i<j t'i.jA a At,,, (Aj. 

Consider a = E i<j e i,j a i,j,b = E k<i e k ,ib k ,i G A, for some G TZ tJ . 

iJeT k,l£CP 

The sum and product 

a + 6 = eijdij + bij G A; 

i<j 

i,je? 
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and, for z G K 




bz = ek,lbk,iz ; 


i<j 

i,j& 


k<i 

i,j& 


every 7 Zij is a K-vector space so, zai j,bijz G 'R-ij, for all i,j G CP, therefore 
za, bz G A. 

Then A has a K-algebra structure, but it is not always a subalgebra of M m (A), 
because their units are not necessarily the same. 

We denote e, = e^lj, for all i G CP. If 1 is the unit of A, then 1 = e * a 
decomposition in a sum of ortogonal idempotents. 

The subalgebra S = ^ A, determines a decomposition of A as a 

direct sum of S-S'-bimodules: 



(14) 


A = S © J, where 


i<j 

i,jev 


It is easy to see that J is a bilateral ideal of A, and J m = 0, moreover if is 
a semisimple algebra, for all i G CP, then S is semisimple and J is the radical of A. 

For a representation L of (CP, A, 7Z) (Definition [5]), we define a right A-module, 
as follows: 




i,j& 


where /j : Li —» U(L) and itj : U(L) —> Lj are the z-th canonical inclusion and the 
j-th canonical projection. 


Let h : L M be a morphism of representations, we define 


tl(h) : U(L) -)• U(M) 


as follows: If x = (x\,X 2 , • • •, x m ) G U(L), then 


U(h)(x) = (h(x i), h(x 2 ), • • •, h(xm)). 
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For a = i<j e ij r i,j € A and x = (xi, X 2 ,..., x m ) € U(L), we have 
ije? 

U(h)(xa) = (h(7Ti(xa)), h(7r 2 (xa )),..., h(-K m (xa))) 


h \J2 x 3 r 3,l > k ( XjTj? I E 


J =1 


J =1 


*J =1 


h ( x j r j,l), /l ( X y r J,2)> ■ ■ ■ , h ( X J r 3,m) 
ij = 1 i =1 i =1 


h{xj)rj, 2 , • • •, 

C =1 i=i j=i 

= U(h)(x)a. 


In this way, W(/i) is a right A-module morphism. Clearly, if h is a monomorphism, 
U(/i) is a monomorphism, too. 

Consider the case where the units 1* € 7*1,: are equal to the unit 1 of A, for every 
i € y. An example of representation of (IP, A, VS) is the constant representation M c , 
associated to a right A-module M , in which M c = (M, Mi : i € IP) with Af, = M, 
for all z G IP. 

We denote by D, the duality with respect to the field K. If L is a left A-module, 
D(L) is a right A-module, and we can consider the dual notion of left constant 
representation L c , associated to L, and construct the left A-module U(L C ) = L m . 
With this notation, we have the following result. 


Lemma 10. Let L be a left A-module, then 


D (tl ( L c^ = U [p{L))j . 


Proof. We have U = L©- • -®L = L m . There is a K-vector spaces isomorphism 
i/>:D(u (%)) -> D(L) m = D(L) © • • • © D(L) =u(d{L j c ) . 

Let / : U —> K be a linear transformation in D (j^cj ^ and a = 

i<j e i,j r ij € A, then 
i,je? 

V>(/) = 


besides 

^(/a) = (faia i, fai 2 , ■■■, fai m ). 
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For i £ {1,2,, m} and y £ L 


Ki(if{fa)){y) = ( fa)ii{y) = f(ak(y)) = / (a^y , a 2 ,iy ,..., a m ^y) 

m m 

= 5 ‘2f{ij( a j,iy )) = ^2fij a j,i(y) = (V’(/)a)(/'i(y)) = 7 Ti(ip(f)a){y). 

3 =1 j=l 

Therefore if (fa) = if(f)a, and the lemma is proved. □ 

The following proposition allows us to construct some other representations. 

Proposition 11. Let V be a K-vector space and L = ( L,Lj : i £ IP) &e a repre¬ 
sentation of (7, A, TV). Then (V 0 k L,V 0k Li : i £ 7) is another representation, 
denoted by V 0k L. Moreover, 

V 0 K U(Z) = U(V 0 k L). 

Proof. For i < j in 7, we have 

(V Li)Uij = V 0k LjfZij C V <g>« Lj. 

There is a K-vector spaces isomorphism 


■ V 0« tl(L) — V (8>k ( Li j y U(V <8>k L) — <8>k Li), 

Vie? 1 / ieV 

such that, for all v £ V, x = (x\,X 2 , ■ ■ ■, x m ) £ U(L), 

lf(v 0 x) = lf(v 0 (xi,X 2 , ■ ■ ■ ,x m )) = {v 0 Xl,V 0 X 2 , ■ ■ ■ ,v 0 X m ). 

If a = {(-ii,j) £ A, then 


if([v 0 x]a) = if(v 0 xa) = if I v 0 E & j ^ ^ Xjdjfr • • • •> E Xj a j,r. 

\ y =1 j=1 j=1 

( m m m 

V 0 ^2 XjOj^i, V 0 ^2 XjOj 2i ■ ■ ■ , V 0 ^22 x j a j,m 
3 =1 3 =1 3 =1 

= (v 0 x\, v 0 X 2 , ■ ■ ■ , v 0 x m )a = if(v 0 x)a. 

This proves that if is a right A-module isomorphism, i. e., 

V 0 K U(L ) = U(V 0 K L). 


□ 
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Let (IP, A,1Z) be an algebraically equipped poset. We denote by IP , the poset 
obtained by adding a maximal point ttt , to IP. 

A !P w -multiplicative system 7£ , is the collection 

7 Zn for every i < j in IP. 

m ( 16 ) 
lZ, m = A, for every z £ IP . 

Any representation of {7 m ,A,lZ m ) is of the form L = (L,Li : i £ IP, L^), 
notice that = L^A C L m , then Lm is a right M-module. 

We call S the full subcategory of Rep(IP , A, 7Z m ) whose objects are such that 
L = Lfn- 

If to each ( L,Li : z £ IP) £ Rep(IP, A, 7Z), we assign the representation (L,Li : 
ie?,L m = L) of (I V m ,A,TZ m ), we have an equivalence between Rep (IP, A, 7 Z) and 

5. 

Moreover, when A is semisimple, if an object L £ Rep(fP w , A, lZ m ) is indecom¬ 
posable, then L S 5, or Lj = 0, for every i £ IP. More generally, in this case, any 
L £ Rep^™, A, 7 Z m ), can be written L = L 1 © L 2 , where L 1 £ S and L 2 = 0, for 
all z £ IP. 

Let us construct the algebra A = A(fP w ). The equation ffT5l) determines a 
functor tt : S —>• Mod A, with the following properties. 

Proposition 12. With the previous notation, the functor U : S Mod A is full 
and faithful. 

Proof. Let L = ( L,Lj : i £ IP** 1 ) and M = (M, Af ? ; : i £ IP^*) be objects in S and 
/ : L —> M be a morphism between them, such that U(/) = 0. That is 

U(f) = (f(L 1 ),f(L 2 ),...,f(L m )) = 0, 

so, f(Lifi) = /(L) = 0, this is, / = 0, then the functor is faithful. 

Let g : ti(L ) —>• U(M) be a A-module morphism. For z £ IP, we choose an 
element y £ Lj C L<fj = L. Consider g(ij.(y)) £ U(M), and its z-th projection 
Kig{ii{y)) € Mi. 

By defining 

/ = Kfngifn : L m = L —> AI m = M 

we have that 

/(y) = (tt mgim)(y ) = ( ^mg)(im(y )) 

= (tt mg)(ii{y)ei,m ) = n m (g(ii(y))e it in) = n(g(ii(y))) 

= (ngk)(y) e M*. 

Then f(Lf) C Mi, therefore / is a morphism in 5 such that 
«•(/) = (gii,gi 2 ,---,gim) =9- 

We conclude that U is a full functor. □ 
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Proposition 13. Suppose that X £ Mod A is of the form X = U(L), for some 
L = ( L,Li : i £ 1 >fn ) £ S. IfY is a submodule of X, then there exists N £ S, such 
that Y = U(N). 

Proof. For every i £ CP, 

Yei C Xa = U(L)ei = /'*(£*)• 

The ejAej-module Yei has a K-vector space structure because = IZi is a 

K-algebra. Besides, as L* is a K-subspace of L, there exists a K-subspacie N t C L, 
such that ii(Ni) = Y ei. 

We define the collection 


N = (N m ,Ni-.i£? m ). 

Clearly, N satisfies L.2. 

Consider i,j £ IP such that i < j, y £ Ni and a £ 7 Zij = eiAej. We have that 
ii(y) £Yei , then i 1 (y)(e l aej) £ Yej. Besides, 

ii{y)(eiaej ) = ii{ya)e itj = ij(ya), 

so ij(ya ) £ ij(Nj), therefore ya = -Kj{ij{ya )) £ Hjij(Nj) = Nj. This proves that 
NiTZij C Nj. 

In particular, = tYfnA C Nm, then Nfn is an A-module containing N t . 

for all i £ IP. 

We conclude that N is an object of S, such that 

Y = U(N) = 0 Nj C 0 L it 


which finishes the proof. 


□ 


5 Right peak algebras 

Definition 14. Let IP be a partially ordered set with a maximal element m. An 
admissible system. 1Z = {TZij}i<j, is a IP- multiplicative system that satisfies the 
following additional conditions 

A.l IZj = TZ t t is a division K-ring, for all i £ IP. 

A.2 If j < Hi and x £ TZij is different from 0, then there exists y £ 7 Zjj, with l ^ j, 
such that xy ^ 0. 

Let us construct A = A{TZ), if 7 Z is an admissible system, the projective A- 
rnodule ef«A is simple. 
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To ap-equipped or generalized equipped poset IP, we assign some T-multiplicative 
systems Q and T (see Sections 13.11 and I3.2[i . These systems are extended to Q m 
and T m following (flUl) . Recall that 


Q 


m 

X 


F, if x is weak, 

G, if x is strong, 


so A.l. holds for Q, m . For any j £ IP and x £ Qij a no-null element, it is enough to 
take the unit 1 £ G = Qj.itl; to satisfy A.2. Therefore Q m is an admissible system. 

The system T™ satisfies A.2, because if x £ % j is such that x /0, for some 
j £ T, there is the identity id £ A = Tj,m such that x = xid ^ 0. However, 
Tm = A is not a division ring, then A.l. does not hold. 

We will describe next, some interesting properties of admissible systems. As 
does not have those properties, we will construct an admissible system TZ , in 
such a way that the algebras A(T ttl ) and A(IZ) are Morita equivalent. 

Lemma 15. Let 1Z be an admissible system, and A = If M is a right A- 

module, then Mem is a submodule of M, isomorphic to (emA)", for some cardinal 
v. Furthermore, v = dinr^.^ Mem- 

Proof. We have Mem A = Mem Ae m C Mem , therefore Mem is a submodule of 
M. 

For any x £ Mem , x / 0, we define f x : emA Mem '■ a xa, for a € emA. 
Notice that f x is a right A-module morphism such that /(e m) = xem = x, then 
Im f x is a submodule of Mem isomorphic to emA, hence, Mem is a sum of simple 
modules isomorphic to emA, that is why Mem is isomorphic to a direct sum of the 
form (emA) 1 ', for some cardinal v. It is clear that v = dim^.^ Mem- D 

Proposition 16. Let TZ be an admissible system. For every i £ 7, we have 

soc(ejA) ^ (< emA ) vw , 


with v(i) = dm\Tz m TZi m- 

Proof. For j ^ ft), consider x € soc(ejA)ej C ejAej, x / 0, then x = ejjx 0 , for 
some xo £ IZ,j, with xo T 0. By definition [141 A.2, there exists yo € 7 Zj i, for some 
l T j, such that xot/o / 0. 

Then y = ejjyo belongs to the radical of A, and xy = xoeijejjyo = xof/oe*,) 7^ 0, 
which contradicts x £ soc(ejA). Hence, 

soc(ejA) = eiAem- 

By Lemma [To] eiAem is a submodule of e^A, such that eiAem = soc(ejA) = 
(e m A)^ l \ with u(i) = dim lZ, m ■ □ 

Following [19j , we call an algebra right peak, if its socle is a direct sum of finite 
copies of a simple projective module. From the previous result we have: 
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Proposition IT. If 1Z is an admissible system, then A = A(1Z) is a right peak 
algebra. 

Proof. We have that 

socAa = (J)soc(ejA) = 0(e f «A) I/W = {e m A) u , 
ie :p 

besides, v = dim-^.^ Aef«. □ 


5.1 Morita equivalence 

Consider a poset (CP, A , T) as in Section llTTI or ECOl and its extension to (CP m ,A, T™). 

By Proposition [ 8 ] and Equation ([5]), we have that T x is semisimple with one sim¬ 
ple, up to isomorphism, then, for all x £ , there exist idempotents ..., £ x £ 

Tx such that 

% = e 1 x %(B---®e$ x) T x -, 

with elT x = • • • = £x {l) %. 

For every x < y in CP™, we define the following subspace of A, 


7Zx,y — 


AT e 1 

e x ix,ye y . 


The collection TZ = {7Z X: y} x <y is a CP™-rnultiplicative system. 

x,y& m 

For every x £ CP™, 


T x = e\T x e\ = End 


with e x T x a simple module, then 7 Z x is a field, and A.l holds. 

For j £ CP if there is a: £ 7 Zij with 2 : / 0, we choose id £ Tj.m = A, 

x = xid = xe l jid = x£j(£jf) + • • • + qjf ); 

then, for some idempotent we have x£ l jA m A 0. 

Every isomorphism if : £^A —> e^A is such that 

if(a) = V’(4i a ) = ^(£w)a = <K4f)4i a ; 

for all a € e^A, in particular, = ?/>(ao), for some ao € e^A. 

We have 

0 A x£j£f n = x£^ip(ao) = x^ATtn) £ m a o- 

Then £ji/j(ej tl )£j n £ TZj.m- and is such that x£jijj( £ tn) £ }n / 0- 
Hence, TZ satisfies A.2, therefore, it is an admissible system. 

Calling A = A(T™), and 

£ = Y e *4> ( 17 ) 

iev™ 
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then, A(7 Z) = eAe. 

As EndA(ejefA) = ejefAejef = TZ, is a field, the indecomposable projective 
A-modules are of the form A, for i £ 7™ and l £ {1 ,..., n(i)}. 

If m £ {1,2 ,... ,n(i)}, with £ ^ m, for each eje{,eje™ G A, we have iso- 


e*4 = eMe?) = ew{e?)e™ = e^T)M) = (e^DX^f)) 





= e|. Then 


e;ef = e^O" 1 ) 

and 

o> 

jn 

II 

05 

%• 

'oT 

Hence, 



ejfifA —> eiE ™A : a >-)• (ei-i/K^;))® 


is a A-module isomorphism. 

If j £ 7™ is such that i 7 ^ j, or 


HomA(eje]A, eje^A) = e^Ae^e] = 0 , 
or 

HomA^e^A, ejSjA) = ejEjAeisj = 0. 

Therefore eisjA is not isomorphic to ejejA. 

The projective A-modules of the form eis\ A, for each i £ 7™, are a represen¬ 
tative system of the indecomposable projective A-modules. 

We conclude that A and A(1Z) are Morita-equivalent. 


6 Socle-projective modules 

Let A(TZ) be the algebra corresponding to an admissible system TZ. The right A(TZ)- 
modules whose socle is projective, were called, in [19], socle-projective modules , 
naturally. 

The only simple projective A(Al)-module is e<ff A(7£), by Lema[15l a right A(1Z)- 
module M is socle-projective, if and only if 

soc M = Me m = (efnA(TZ )) l/ , 


with v = dim^^ Mcm. 

We denote by E the injective envelope of ef«A(7 Z). 

Proposition 18. A right A{TZ)-module AT, is socle-projective if and only if it is a 
submodule of a coproduct of copies of the injective envelope E. 
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Proof. Suppose that M is socle-projective, soc M is a direct sum of copies of 
eft)A(72.). therefore the injective envelope of soc M is a direct sum of copies of 
E. As the injective envelopes of M and soc M coincide, and M is a submodule of 
its injective envelope, we have that M is a submodule of a direct sum of copies of 
E. 

Conversely, suppose that M is submodule of L, which is a direct sum of copies 
of E. We have socM = soc L, and soc L is a direct sum of copies of emA(TZ), 
therefore M is socle-projective. □ 

We introduce next a definition that involves the algebraically equipped posets 
we have considered. 

Definition 19. An algebraically equipped poset (IP, A, T) is called extendable with 
admissible system 1Z, if A is a semisimple K-algebra with only one simple module 
EmA, up to isomorphism, % is a subalgebra of A, for every i € CP, and there 
exist idempotents £i € % such that, when we construct T™, the collection 1Z = 
17 Zij = EiTijSj | i,j £ is an admissible system and A(7Z) is Morita equivalent 
toA = A (T™). 

Lemma 20. For an extendable poset (IP, A, T), we have the A-module isomorphism 

e m A = D (Asm) . 

Proof. If 1Z is the admissible system of (IP, A, T), then 7Zm = Em Asm is a division 
ring, and a K-algebra. We choose a K-linear transformation ho : e^Ae m —» K such 
that ho (Em) / 0. 

For every x £ EmA we define 

ip x : Ae m emAem :y ^ xy. 

We have a K-vector space morphism 

if : s m A D (Asm) ■ x h 0 if x - 


For every a € A, 

hoifxa(y) = K if x (ay)-, 

therefore if is a right A-module morphism. 

The A-module EmA is simple, then if is a nronomorphism, besides £)t)A and 
D (Asm) have the same dimension over K. Hence if is an isomorphism, and the 
lemma is proved. □ 

Let us recall the functor 1 1 and the constant representations (Section [4]) in the 
following result. 
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Proposition 21. If (fP,A,T) is an extendable poset with admissible system TZ, 
then the injective envelope E, of the simple module emA{TZ), has the form 

E — U- ^stnA c 'j e; 

where e = e i £ i- 

Proof. Naturally, A (TZ) = eAe. 

Notice that the injective envelope 


ns 


E — D(A(TZ)etn) — D(sAee-m) — D(Ae- m ei n )£. 

We have Ti.m = A, for all i £ “P™, and Aem is a left A-module, then by Lemma 


E = D [U 

Then, by Lemma l20l 


Aem^J e = U (p(A£ m )^j e. 


E = U 


□ 


Theorem 22. Let (T, A, T) be an extendable poset with admissible system TZ. The 
category IA, of socle-projective A(TZ)-modules is equivalent to Rep(fP, A, T). 

Proof. Due to the Morita equivalence, M is a A-module if and only if Ale is a 
A(7£)-module. 

The category Rep(!P, A, T) is equivalent to S, and the functor U : S —> Mod A 
is full and faithful (proposition 1121 ) . So, there is a full and faithful functor: 

S^U 

L i—;• U(L)e for the objects; 
h i— ti(h)e for the morphisms. 

To obtain an equivalence S = U, it is enough to prove that a A(7vl)-module AI 
is socle-projective if and only if AI = U(L)e , for some L £ S. 

By Proposition m if AI is a socle-projective A(7£)-module, then it is a sub- 
module of E v , for some cardinal v. 

There is a K-vector space V with dimension n, such that 

E v = V (g> K E, 

= V <8>k U(efnA c )e, (proposition [2Tj) 

= U(V <g>« £fnA c )e, ( proposition fill). 
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Then, M is a submodule of U(V <g>« £mA c )s, with V <8)« £ fnA c G S. So, there is 
a A-module AI', submodule of ti(V<S>K^ftiA c ), such that M'e = M. By Proposition 
fl3l there exists L G S such that li(L) = AI'. that is, 

U(L)e = M. 

Conversely, for AI G ModA(7*l) of the form M = il(L)e , with L = ( L,Li : i G 
G 5. As = L is a right A-module, it has the form L = V <8>« £ mA, for 
some K-vector space 

Hence L C H <gi K £fnA c , and then U(L) is a submodule of 
U(V <g>« £mA c ) — V <£>« U(etnA c ). 

Therefore AI = ti(L)e is a submodule of V <8>k H(e<ffA c )e = FT. By Proposition 
fl8l the module M is socle-projective, and the proof is finished. □ 


7 1-Gorenstein algebras 

Let A = A (IZ) be that algebra associated to an admissible system IZ , with the 
notation of the previous sections, we construct the algebra 


A 


(Tt-m E\ 

V0 Ay 


Consider the idempotents 


eo 


flm 0\ 

Vo 0 J’ 


by abuse of notation, for i G T 


e-i = 



(18) 


and e = e*. 

We have a IZ-m — A-bimodule isomorphism eoAe = 

Let us describe the right and left A-modules. 

For every right A-module M, we have that Me o 
is a right A-module, and the product Me o X eoAe — > Ale induces a morphism 
fi : Ale o eoAe —>• Ale. Through the descomposition AI = Meo © Ale, the right 
A-module structure of AI is given by 

\ 

J = (mir, /r(mi <8> x) + m 2 a), 


(m\, m 2 ) 


0 E 
0 0 


^ E. 


is a right Tvl-fn-module, Me 
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(19) 


for all mi £ Meo, m 2 £ Me,r £ TZtn,x £ E,a £ A. 

Conversely, if M\ is a right 77#f-module, M 2 is a right A-module, and there is a 
right A-module morphism n : M\ © 7 ^ E —> M 2 , the equation (1191) induces a right 
A-module structure in M = Mi © M 2 ■ 

For any triple (M{, M 2 , p!) where M{ is a right 77.<tf-module, M^ is a right A- 
module, and p! : M{ © 7 ^ E —>• M 2 is a right A-module morphism, by (1191) . we 
have a right A-module M' = M( © M^. 

A right A-module morphism h = (hi, h 2 ) : M —>• M r is determined by an 77ffj- 
module morphism hi : Mi —> M[ and a A-module morphism h 2 : A /2 —> M 2 , such 
that the following diagram commutes 

Mi E ——> 

h\(&id 

M[ E -> 

clearly h is an isomorphism if and only if hi and h 2 are isomorphisms. 

A left A-module N, is given by a decomposition into K-vector spaces N = 
N\ © N 2 , with N\ = eo N a left 77fff-module, N 2 = eN a left A-module, and a left 
TUfff-module morphism v : E ©a N 2 —^N\. The left A-module structure of N is as 
follows 

(r x\ fnA _ frm + v(x © n 2 )\ 

VO a) Vn 2 J V an 2 J 1 } 

Consider a right A-module D(N). We have D(N)eo = D(eoN) = D(Ni) and 
D(N)e = D(eN) = D(A r 2 ). There exists a morphism p : D(Ni) <S>TZ m E —> D(N 2 ) 
given by 

p(rji © x)(n 2 ) = r]i{y{x © n 2 )), ( 22 ) 

where 771 : iVi —> K belongs to //(Ah), x £ E and n 2 G -/V 2 . 

Proposition 23. Tef A 6 e as in the equation (Ef- There is an isomorphism: 

D(Aem) — eoA. 

Proof. The A-module eoA is determined by the triple (TZm, E, p), where p is in¬ 
duced by the multiplication of TZ-m times E, i. e. 


M 2 

( 20 ) 

M' 


p : ©7^ ^ y E '■ r © £ >->■ rx. 


We have 


eoAeftt = Ee m 


as left Alitf-modules, 


eAeftt = Ae m 
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as left A-modules, and the left A-module structure of Ae-^, induces the morphism 

v : E <8>a Aef n —> Ee -m = D(lZfn) 
given by the action of Aeffj on E. 

Therefore Aem is isomorphic to the left A-module determined by the triple 


(Ee m ,Ae m ,is). 

Then the dual D(Aem), is determined by the triple (D(Eefn), D(Aem), p), 
where p : D(Eem) © 7 ^ E -1 D(Aefn) is a morphism given by the equation (I22[i . 

We have D(Ee m) = DD(efnAem) = DD(IZm) and D(Aem) = E, and we 
want to see that the pair of morphisms ev : DD(flZf^) —>• IZtn and id : D(Ae-fft) —>• 
E determine a A-module isomorphism between D{Aem) and eoA. Following the 
diagram (12U1) . it is enough to prove 

p(ev ®id) = n. 

For every r G 'Em-, x G E = D(Aem),a G Aem, it holds 

p(ev(r) © x)(a) = ev(r)(xa) = xa(r) = x(ar), 


on the other hand 


fi{r © x) = rx y rx(a ) = x(ar). 


That proves 

D(Aem) = e 0 A. 


□ 


Notice that A has a decomposition similar to that of the equation (1141) : 


A = 5 © J, where S = eolZmeo © eflZiei y J = E © 




i<j 


f n 


Proposition 24. If A has the form Iil8\) . then it is a right and left peak algebra. 

Proof. To see that A is right peak, let us consider the socle of the right projective 
A-modules. 

We have that eft<A = e«jA = TZtn is a division ring, then it is a simple right 
projective A-module. Its injective envelope E(emA) = D(Ae-tn) is isomorphic to 
the projective A-module eoA. Therefore 


soc eoA = em A. 

For i.j G with j / ft), and x G soc(ejA)ej C e^Ae^ such that j: / 0, then 
x = eiXoej, for some xq G Ei.j, with xq / 0. By Definition [T4], A. 2, there is 
yo G 7 Zjj, for some l j, such that Xo2/o / 0. 
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Hence y = ejyoei belongs to the radical of A, and xy = e^y^ei / 0, so i 
cannot belong to soc(ejA). Therefore 

soc(ejA) = ejve m = K ° ] , 

V° e * Ae +«) 

then 

soc(ejA) = (e-mA) 1 '^ = (efnA) u ^\ where u(i) G N. 

When we consider A as a right A-module 

soc(A) = (efttA) 1 ', for some 

that is, A is right peak. 

Now, let us compute the socle of the left projective A-modules. 

As Aeo = TZtn- it is a simple A-module. 

For i.j G and a non-null element ejxei G e^Ae*, we have x G 7Zj,i, and 
there is some y G such that xy 7 ^ 0. The existence of y is given by Definition 

fl4l A.2, if f < ft), or because TZm is a division ring, when i = m. 

We choose a linear transformation h : CjAem —> K, such that h(xy) 7 ^ 0, then 
hx 7 ^ 0. 

The element eo hej is in the radical of A, and it is such that eo hejejxei = 
eo hxet 7 ^ 0, so, ejxei cannot belong to socAe*. Hence, 

soc Ae* = eoAe*. 

For any x € e^Aei, x / 0, we define f x : Aeo —> coAe* : a i->- ax, for all a G Aeo- 
As f x is a left A-module morphism such that /(eo) = e^x = x, then lmf x is a 
submodule of eoAe* isomorphic to Aeo, therefore eoAe* is a sum of simple modules 
isomorphic to Aeo, then eoAe* is isomorphic to a direct sum (Aeo)^^^, for some 
/r(i) G N. 

The socle of the left A-module A is 

soc^A = (J) soc(Aej) = (J)(Ae 0 ) MW = (Ae 0 ) M , 

ieTufo} ieo 5 

for some /iGN. Therefore A is a left peak algebra, and the proposition is proved. 

□ 

Proposition 25. The algebra A, constructed in 111 8 Ik is 1-Gorenstein. 

Proof. Considering A as a right A-module 

socA x = (efflA)", for some v G N. 

Its injective envelope 

E (A X ) = E{e m l) v , 

by Proposition [23] we have E(e f«A) = D(Aefn) = e$A, then the injective envelope 
E (A X J is projective, therefore A is 1-Gorenstein. □ 


29 


Proposition 26. Let (7,A,TZ) be an algebraically equipped poset, where T has a 
maxim.al point m and a minimal point 0, and 1Z is an admissible system satisfying 

G.l TZq = TZjn, 

G.l IZq t i = D(TZi fn), for all i £ T, 

then the algebra A = A(7 Z) is 1-Gorenstein. 

Proof. We denote by IP >0 the poset obtained from IP without its minimal point. 
Clearly, the collection 1Z >0 = {TZij\i,j £ IP, 0 < i,j} is an admissible system for 
1P >0 , so we construct the algebra T = T(JZ >0 ). 

Let Er be the injective envelope of the projective T-module e m r, we have 


E r = D{Vem) = ® D(r ew ) ei = ® Te m ) * ® D(Ki, m ) = ® K 0 ,i. 


i> 0 i>0 

igCP ieT 


i>0 i>0 


Therefore the algebra A has the form 


A 


f TZm Er\ 

Vo r / ’ 


as in the equation ()18p . Then, by Proposition [25J A is 1-Gorenstein. □ 

Let (IP, A, T ) be an extendable poset with admissible system 1Z. We construct 
an algebraically equipped poset (E™, AjE™), by adding to 7™ a minimal point 0, 
and with the Y ™-multiplicative system E™ given by the collection 

71. j, for every i < j en !P™, 

To,i = A, for every i £ 9™. 

Notice that (T™, A,T™) has an admissible system 

TZ = |IZij = EiTijEj \ i,j £‘P m j 

which satisfies the hypothesis of Proposition [26l therefore A (JZ) is 1-Gorenstein. 


(23) 


(24) 


8 Categories of modules, morphisms and equiv¬ 
alences 

Let C be a full subcategory of Mod-A, where A is a finite dimensional K-algebra. 
Suppose that for every X, Y, Z £ Mod-A with X £ C, the following conditions hold: 

C.l If X then Y £ 6. 

C.2 If Z is a submodule of X, then Z £ G. 
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Definition 27. If M 4 £ 4 A ? is a sequence of morphisms in 6 , we say that 
(it, v ) is an exact pair if for every W £ C the following sequences are exact: 

0 -»■ Horn A (IT, M) Hom A (IT, E) K ° mHw -’ v) > Hom A (IT, N) 

0 -»• Hom A (IV, IT) " 0 "" : ' V ' ,U - ’> Horn A (E, IT) Honr A (M, W) 

Proposition 28. If G is a full subcategory of Mod-A satisfying C.l and C.2, a 
pair of morphisms M -4 E -4- N is an exact pair if and only if the sequence 
0 —^ A! — E —^ N —^ 0 is an exact sequence of A-modules, or equivalently the pair 
(it, i;) is exact in Mod-A. 

Proof. It is clear that if (it, v) is exact in Mod-A, then (it, v) is an exact pair in C. 

Suppose that (it, v) is an exact pair in C, let i : X —> E be the kernel of v, by 
C.2, we have X £ C. 

Notice that i : X —> E is in the kernel of Hom(idx 5 v) (because vi = 0), by 
the first condition in the definition of exact pair, there exists a unique s : X M 
such that us = i. On the other hand, i is the kernel of v and vu = 0, so there is a 
unique t : X —> M such that it = u. 

Therefore its = us = i, and i is monomorphisnr, so, ts = idx- 

Besides ust = it = it, as Hom A (idx, it) is a monomorphism, st = idM, then 
n : M —> E is a kernel of v : E —> N. 

Let p : E —>• Cokerit be a cokernel of it. As vu = 0, there is a morphism 
A : Cokerit —» N such that v = A p. For every x £ Ker A, there is some y £ E such 
that p{y) = x, because p is an epimorphism. We have A (p(y)) = v(y) = 0, and 
Ker v = Im it = Ker p. then p(y) = x = 0. Therefore A is a nronomorphism. That 
is Cokerit is isomorphic to a submodule of N which belongs to C, by using C.l and 
C.2, we conclude that Coker(it) is an object of C. 

The morphism p is in the kernel of Honr(it, idcokem)) because pu = 0. By using 
the second condition of the definition EH there exists v : N —> Coker (it) such that 
uv = p, then Xuv = A p = v, therefore Xu = idx- Hence, A is an epimorphism, then 
it is an isomorphism Coker (it) = N. 

Consequently, the sequence 




is exact. □ 

With dual arguments, we have the following result: 

Proposition 29. Let C be a full subactegory of Mod-A satisfying C.l, and such 
that if M £ C and N is a quotient of M, then N £ C. 

A pair of morphisms M A E A N is an exact pair if and only if the sequence 
0->Af4E4lV-}0tsfln exact sequence of A-modules, or equivalently the pair 
(it, n) is exact in Mod-A. 
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Consider an extendable poset (fP,A,T), we construct its admissible system TZ 
as in [231 and its incidence algebra A = A(]Z) which is 1 -Gorenstein. 

Following the previous section, the injective envelope of e^A is eoA, besides 

socA = (efnA) l/ and topff(A) = D{ Aeo) M for some u, fi £ N. 

Let U be the full subcategory of Mod-A whose objects are the right socle- 
projective A-modules which do not have eoA as a direct summand. We denote by 
V the full subcategory of Mod-A whose objects have injective top and do not have 
eoA as a direct summand. 

Proposition 30. If Ad £ U, then HoniA(eoA, Af) = 0. If N £ V, then Hom.x(N, eoA) 
0 . 

Proof. We have socAf = emA L for some set L, then E(M) = E(socM) = (eoA) L . 
There is a monomorphism: Im '■ M —> (eoA) L . If there exists a non-null morphism 
s : eoA —> M , there is a projection ir : (eoA) L —> e$A such that -kims 0 , this is 
an endomorphism of eoA and the endomorphism ring of eoA is a held, then niMS 
is an isomorphism. Then eoA is a direct summand of M. which contradicts the 
hypothesis. Therefore HoniA(eoA, Af) = 0. 

If N G V, then topA^ = D(Aeo) L , and top(eoA) = D( Aeo). So the projective 
cover of N has the form r] : ( eoA) L —> N. 

If there exists a non-zero morphism t : N —>• eoA, then tr] 0, so there is an 
inclusion i : e^A —>• ( eoA) L such that tr]i is a non-zero endomorphism of eoA, and 
therefore an isomorphism. This implies that eoA is a direct summand of N, which 
is a contradiction, then HomA(iV, eoA) = 0, and the proposition is proved □ 

Let (L, Li : i € T) be a representation of (IP, A, T), then L = (L, 0, Lj : i € IP, L ) 
is a representation of (T W , A,TZ). By Theorem 1221 A I = U(L)e is a socle-projective 
A-module such that Aieo = 0, then Af € U. Conversely, if A I £ U , we have 
Afeo = 0 because if there exists m € Afeo, m 0 , we can dehne a morphism 
eoA — > M : x *—> rrix. for all x £ eoA, which contradicts the previous proposition. 
Therefore Af = U(L)e, where L = ( L,Lo,Li : i £ IP, L), with Lq = 0, hence 
(L, Li : z £ CP) £ Rep(fP, A, T). We have an equivalence 

Rep(lP, A, T) = U. 

Proposition 31. There exists an equivalence F : U —> V, where F is an exact 
functor. 

Proof. For every Af £ li we choose an injective envelope 

i M ■ M (e 0 A)^ M ). 
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We have an isomorphism 

(e 0 Ar (M) Aad(e 0 Ar (M) ^ [(e 0 A)/rad(e 0 A)]^ M ), 

if Iuum is not contained in rad(eoA) I A w '), there is a non-null morphism s : M —$■ 
eoA/rad(eoA), this implies the existence of a non-zero morphism from eoA to M, 
which contradicts Proposition [30J Therefore IniZM C rad(eoA)*d M 4 

If t : (eoA)^ M ) —> (eoA) y ^ M A r ad(eoA) l/ ^ M ) is the canonical epimorphism, 
Um = 0. Considering the cokernel tjm '■ (eoA) l d A ' / ) —> Coker im, there is a mor¬ 
phism CokenM (eoA)^ M ) /rad(eoA)^ A ^ which, with ijm, induces an isomor¬ 

phism (eoA)*d M ) /rad(eoA)^( M ) = CokerzM/radCokerzM- Therefore CokerzM £ V. 

We define A : IA —> V, in objects, as A(M) = CokerzAf, for every M £ A. 

There is an exact sequence of A-modules: 

0 -> M -^4 {eoA)^ ^4 A(M) -> 0. 

A morphism / : M —» A in A induces a morphism / : (eoA) i d M ) —>. (eoA) 1 ^) 
such that fiM = ijuf. Suppose there is another morphism f\ : (eoA)"I M I —>• 
(eoA) 1 ^) such that j \fy = zjv/, then (/ — /i)*m = 0. There exists s : A(M) —> 
(eoA) 1 ^) such that f — fi = sp, if s 7 ^ 0 there exists a non-null morphism A(M) —>• 
eoA, by Proposition 1301 we conclude s = 0, and f = fi- 

Each / : M —* A in A, induces a unique / : (eoA)"I M ) —>• (eoA)^^ such that 
fiM = iNf ■ If r lN is a cokernel of in, then rpsrfiM = W*iv/ = 0- We define 
A(/) = /, which finishes the definition of the functor F. 

Suppose A(/) = 0, then rjwf = 0. So there exists a morphism t : (eoA) I d M ) —>• 
A such that = f. By Proposition [30j t = 0, hence / = 0, and therefore / = 0, 
consequently F is a faithful functor. 

Consider a morphism g : F(M) —> A(A). There exists some g : (eoA) i d M ) —>• 
(eoAsuch that zyivg = gr/M■ because (eoA)"( M ) is projective and rj n is epic. 
Then ) = fJVM'tM = 0. The injective envelope zjy is a kernel of r/jy, so there 

exists a unique h : M N such that i^h = gz^, then A(/i) = g. Therefore F is 
a full functor. 

If A" £ V, by definition topA = [(eoAj/radAoA)]"^. A minimal projective 
cover of A has the form (eoA)^^ A. By Proposition fl 8 l the submodule 
M = Kerr/jv de (eoAj^W) j s an object of A, such that A(M) = A. We conclude 
that A is dense, and an equivalence. Hence, there is a functor G : V —>■ A such 
that FG = idy and GF = idu- 

Let us show that F is an exact functor. 

Let 0 —> M\ -4 M 2 -4 M 3 -> 0 be an exact sequence in U, then (zt, v) is an 
exact pair in A, so, (A(zz), F(v)) is an exact pair in V, because F is an equivalence. 
The hypothesis of Proposition [2S] hold for V, then the following sequence is exact 

0 ->• A (Mi) A(M 2 ) F -^ ] A(M 3 ) -> 0. 

That finishes the proof. □ 
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With the algebra A, we construct the ditalgebra T>, as in Example lA.1.51 Using 
the elements w\ y w 2 , as in equation (l35li . we define the idempotents 

m 

e = + ui 2 e° ; e'= 1 — e. (25) 

2—1 

Following the notation of Example IA.1.51 we have a surjective K-algebra mor¬ 
phism R —> eRe and a /?-/?-bimodule cpimorphism W —> eWe. These morphisms 
induce an epimorphism of K-algebras 

V : T r (W) -> T eRe (eWe). 

Clearly, d induces a differential d e in T eRe (eW e) such that d e r] = r/d. 

We have a ditalgebra V e = (T eRe (eWe), d e ) and a ditalgebra morphism r/ : 
T> —> T> e . This morphism induces a full and faithful functor 

F v : ModV e -»• ModP. 

An object M € ModP has the form F rj (N) for some N € ModP e if and only 
if Me' = 0. So, we say that ModP e is a full subcategory of ModP whose objects 
are the right T/j(VU)o-modules M, such that Me' = 0. 

The category ModP is equivalent to the category Ad 1 (A) of Definition I5U1 
Naturally, there is a subcategory of Ad 1 (A) equivalent to ModP e , as follows. 

Definition 32. We denote by Ad the full subcategory of Ad 1 (A) whose objects are 

morphisms of the form P (eoA) 1 ', with v a set, and P a projective A-module 
such that Pe 0 = 0. 

Lemma 33. The equivalence E : ModP —> Ad 1 (A) induces an equivalence E e : 
Mod V e -> M. 

Proof. Using the functors F and G built in the proofs of Propositions 07] and 09] 
for every M € ModP, 


S(M) : Mi <g>s A M 2 A. 

Recall that Mi = Mvj{ 1 s , with i = 1,2. 

If M € ModP e , then Me' = 0. 

We have (Mi(g>sA)eo = M\ Cig-Aeo = Mi<g)seoAeo = AR eo<D ,s Acq = Mwieo<S>s 
Aeo = Me'wieo (8)5 Aeo = 0. 

Besides, M 2 ( 8)5 A = Af(e + < 8 >s A = Mw 2 e <S>s A = Mw 2 e 0 85 A = 

A /2 < 8 >s eoA. 

That is, S(M) E Ad, therefore E induces a full and faithful functor 

E e : ModP e —> Ad. 
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If P % (eoA) 1 ' € AA, then cj) = H(M) for some M G ModD such that Pe o = 
(Mi 05 A)e 0 = 0. 

Therefore: 

Mie 7 = Mwie 0 = Mw\e 0 0 eo A eo eoAe 0 = Mwie 0 05 e 0 Ae 0 
= Mi 05 eoAeo — Mi 05 Aeo = -Peo = 0. 

On the other hand ( eoA) u = M 205 A, hence, M 205 A = M 205 cq A = M 2 eo 05 
A, by the equivalence built in Proposition |47j M 2 = Aheo, then A^e' = Mie^e! = 0. 
We have that Me' = Mi e 7 + A^e' = 0, that is M G ModP e , which proves that 
is dense, and finishes the proof of the proposition. □ 

Proposition 34. T/ie functor Cok : AA —»• V induces an equivalence: 

Cok : A4 —>■ V 

where A4 is the category AA modulo the morphisms which have a factorization 
through objects of the form P —> 0 with Pe 0 = 0. 

Proof. We have that Cok is a full and dense functor, so it is enough to prove that if 
/ : (fi —> <j >2 is a morphism in AA such that Cok(/) = 0, then / has a factorization 
through an object of the form P —> 0 with Peo = 0. 

Let cfi : Qi —> (eoA)'' 1 , <^>2 : Q 2 ~> (eoA ) 1 ' 2 be two objects of AA and / = (/ 1 , fj) 
a morphism between them, where /1 : Qi —> Q 2 and /2 : (eoA ) 1 ' 1 —>■ (eoA )*' 2 such 
that / 2 </>i = 02 /l- Suppose Cok(/) = 0, we have the following exact sequences 

Qi ^ (e 0 A ) i ' 1 ^ Cok^i 0 

Q 2 ^ (e 0 A ) 1 ' 2 ^ Cok </> 2 ->• 0 , 

and 772/2 = Cok(/)? 7 i = 0. Hence, there is a morphism s : (eoA)^ 1 —>• Q 2 such that 
(f> 2 S = / 2 , by Proposition [301 we have s = 0, therefore /2 = 0. That is / = (/i,0) 
is the composition of the following morphisms in AA: 

(idQi,0) : (Qi ^4 (eoA) Ul ) -4 (Qi -4 0) 

(/i;0) : (Qi * 0) —> ( Q 2 ^4 (eoA) U2 ). 

The proof is complete. □ 

We are now going to study modP e , the full subcategory of ModP e whose 
objects are those having finite dimension over K. 
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9 Getting the matrix problem 


Let (IP, A , T) be an extendable poset with an admissible system 1Z , as in [2H We 
know that the algebra A = A(7£) is 1-Gorenstein and has a decomposition A = 
S © J, as in PhO 

Consider the ditalgebra T> e , constructed in the previous section. Let us write 
e = w\e + w 2 eo, where e = 1 — eo, and 1 is the unit in A. 

We have 

_ / eSe 0 \ _ ( eS 0 \ 

~ V 0 eo^eo J V 0 e o^o ) ’ 


Wo 


0 e*Je o 

0 0 


wi, 2 e*Je 0 , Wi 


e*Je 0 

0 0 


w\e* Je. 


feS e*Jen\ 

An object M £ modD e is a right module over ( I, then M\ = Mw\e 

V 0 eo /co J ' 

is a right eS'-module, and Mq = Mw 2 e o is an eoTlo-module, so it is an Tvlo-vector 
space. 

For every x £ , we denote M x = Mw\e x . 

We say that 'B(M) Cilfisa local basis of M if “B(M) = (J yftj ® x (Af), where 
B X {M ) is an TT^-basis of . 

The dimension of M is an integer vector d(M ) = (d x = dim^ 

When M x = 0, obviously d x = 0 and we will obtain formal matrices with 0 rows 
or 0 columns. By definition, the product for a formal matrix behaves as the zero 
matrix. 

In order to obtain certain matrix problems determined by some algebraically 
equipped posets, we will use the following remark. 


Remark 35. Let S and T be rings, and V be a projective S-T-bimodule finitely 
generated over S with a dual basis {AA i £ *V and pi £ V. 

Recall that if M is a right S'-module, and N is a right T-module, there is an 
isomorphism: 


H : Honrs(M * V, N) -£ Horn r (M, N ® S V)\ 


for h : M®t *V —> N, we denote h = S(/t) : M —> N®gV, and if g : M —>• N®sV 
is a T-module morphism, we call g the morphism in Horns(M <S>t *V, N ) such that 
= 9- 

Then, for m £ M, 

h(m) = ^2 h(m (S> A-/) <g) pt, 
iei 

and, for m £ M. X £ T we have 


g(m 8> A) = g(id <8> A )g(m), 

where g : N <8>g V —>• N is given by s(n <8> s) = ns. 

In the situations we will consider in the rest of this section, we suppose that 
1Z X is a field, for all x £ jP™. 
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9.1 Matrices over IZo 

For every x € CP™, suppose that 1Zo,x is one-dimensional over 1Z q (recall that TZ x y 
is an ^-^-bimodule). Then eo Je x = eo1Zo tX e x = eo, x 'R'0,x = eo,x7£oUo,x> for some 
no, x e T^-o,x- 

For y < x in CP, and r € 7 Z ytX , we have uo )2/ r G TZo, y TZ y , x C 7£o,2, then 


= Xj/,x(r)w 0 , x , (26) 

for some Xy,x( r ) £ 7£o- Hence, there are K-linear functions 

Xy,x • 'R-y,x t 7 £q : n l— ^ Xy,x{ r )i 


satisfying (12611 . 

With the notation uo ,2 = eo^o, 3 ; e x = in the dual space e x *Je o, we 

identify u 0 ,x = eoWWr = e^uo^eo- For all z € 7^ x , we have zrio.z = e x zDo, x e 0 , 
then, for each x G CP there is a Ti-linear function cj) x : 1Z X —>• T^-o such that 

— f'x'VO t x$x (■ 2 ; )60 — 'U'0,x4 > x (^) • 

The multiplication of elements in M G Mod77 e by elements in ei?e, determines, 
for every 7 € e*Je 0 , a K-transformation 

V , m( 7 ) : Mi —>• M 0 : m i-» mw 1 , 27 ; 

in such a way that "i/’M : e*Je 0 —>• Hom«(Mi, Mo) is an eS'-S'eo-bimodule morphism 
(see the proof of Proposition [49] in the appendix). Notice that e * Je 0 is determined 
by the elements rto,x, generators of each e x *Je 0 , for all x G CP™, then is 
determined by 

iPm{uq,x) : M x —>• Mo : m 1—>■ mwi^uo.x- 

Given a local basis CB(M) of M, with 73 X (M) = {mf : 1 < i < d x } and 
73 q(M) = (mj : 1 < j < do}, then 


do 

i=i 


for some gj, G TZq. 

We denote MJ^ = < 7 ^, to obtain the matrix M(M) X = If do = 0 or 

d x = 0, we consider a formal matrix M(M) X with 0 rows or 0 columns. 

The matrix M(M), divided into vertical stripes CM(M) x , for every x G CP™, is 
called matrix representation of M. 

Theorem 36. Xef M and N be two objects of modT> e , with local basis 73(M) and 
73 (IV), respectively. Then, M = N if and only if there are non-singular square 
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matrices Tq G Mrf 0 (7^o). T x G {1Z X ), for all x G T m , and for each y < x in 
, a matrix T yx G Md x xd y (7Zy,x)> such that 


M (M) x = T 0 M(N) x MT x ) + Y J T ^ N )yXyA T yx)- 

y<x 

Proof. If M and N are isomorphic, their dimension vectors are equal. 

The pair (Z 0 ,/ 1 ) : M —>• N is an isomorphism in modP 6 , if and only if /° 
is an ei?e-module isomorphism that induces isomorphisms /q : M$ —> Nq and 
f x : M x —> 7V X , for all rc G CP +tt , such that, for every mf G r B x (M), 

f x ( m i) w iAo,x = fo( m i w lAo,x) + 

XJ nfhliWi^x = fo \ y2 m0 j M j,i \ +f 1 (d e (w l,2«0,x))(mf); 

where nf G 'B x (N),m^ G 'Bo(M),h^ i G 1Z X and G T^o, then 


,?V 

l )l 


dx do 

Y2 n t w h2 h t,i™°’ x = X! fo (') + / 1 (4(^1,2«0,x))(w 

i=l i=l 

d x do 

^ 71^1,2*0, =^2fo ( m j) M j,i + /Ve(wi,2M0,x))(7<); 
t=l j=l 

d x do do do 

XIX] n °s N s,M h t,i ) = SX] n 2^jA^i + / 1 (rfe(wi ) 2«o,*))(mf); 

t=l 5=1 i —1 5=1 

with rig G ®o(iV) and Nf t ,/j, s j G 7£o- 

To calculate d e (u;i i 2 'iio x), consider a basis 23o(y,x) for every TZ VtX , as a left 72.,,- 
vector space. The elements e y)X r with r G 23o (y,x), form a basis 73 y ^ x for e y Je x . 
For every z G 23 = (J^ ,. e y#( its corresponding dual element z G * J, is such 

that z(w;) = 0, if z yf w, and z(z) = e x . We have, 

d e (wi,2U 0 ,x) = ~ ^ Oiz <8) it>i, 2 'u)*o,xO ; z). 

To have Uo,x( vz ) 7^ 0) we should have v G 23o iS/ and z G 23 . ya ., for each y < x in 
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T™, hence, v = uo t y and z = e ViX r with r £ 2>o (y, x), then, 

d e (wi,2Uo, x ) = ~ E E (wie^r <g> wi'2UO'y)u 0 ,x{uo,yey,xr); 

y<x re'Boiy.x) 

—E E {wie^r <g) wi^uo^)uQ^eo )y vo t yey tX r)] 

y<Xre'B 0 (y,x) 

= -E E (wie^r <g> w'i,2 : «o,j/)«o,x(eo,a: , yo,yr); 

y<Zr€$o(y,2:) 

= -E E (tcie^r (8) ioi j 2«o,j / )tto,i(eo,xX l ,,x(r)uo, :i: ); 

?/<^re®o(y,3;) 

—E E (wie^r <g> 101 , 2 ^ 0 ,^So.xC^xXj/.aM); 

y<Xr£3 0 (y,x) 

= -^2 ^2^0,y)Xy,*(?’)• 

y<x r e r B 0 (y,x) 

For z £ e x *Je y , we have / 1 (i) € Horn# (iVf x ,iVy), so it can be consider as 
/ 1 : M\ ®es e*Je —>• N\ : m® z ^ / 1 (z)(m), for all m £ M x . This determines 
7^-morphisms f x y : M x —>• N y ®n y e y Je x (see Remark l35l) such that, if f x _ y (rri) = 

Ylt=i n s <8> 7s, for some n s £ N y ,^ s £ e y Je x , then / 1 (i)(m.) = Y?*=i n sz(l «)• 
Therefore, 

f l {de{w^2Uo,x)){jn^) = - E E /MO Wie^r <g> wi t 2U 0 ,y)Xy,x( r )]( m f) 

y<Xr£'B 0 (y,x) 

= ~Y1 f\ w ie^)(rn*)(w h2 uo, y )Xy,x(.r)] 

y<xr£'B 0 (y,x) 

= -EE E (n^e^/r (r 4 y f)) w;i j2 So, y X2/,* (r); 

y<x t= 1 re® 0 (y,a-) 


for some r y f £ e y Je x . 

We have e y . x r( T t f ) € e y S = e y ^ y TZ y , and every r y f' has the form r y f = e y x r\^. 
with r v t f £ TZ y)X , then e^r(r^f) = ey, y t{r\£), where f(r y t f) £ K y . 
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In this way, 


EE E n t ( e y,yr{r v t ’*))w h 2UQ,yXy,x ( r ); 

y<x t= 1 rG®o( 2 /,a;) 

= -EE E n y t w h2 r(rlf)u 0 ,yXy,x( r ^ 

y<x t= 1 r€B 0 ( 2 /,a:) 

= -EE E n\w lt2 UQ^ y {r{r y t f))xy,x{r)\ 

y<x t= 1 r€Bo(2/,aO 

= -EE E n t w i,2V'0,yXy,x(r(r^f) r ); 

y<x t= 1 

= - X] X] n t' w ^ q o,yXy,x ( J2 r{r y t '*)r j; 


y<a; £=1 


ir£®o(y,^) 


= -EE n y t w l) 2UQ. y Xy,x{r y tf)\ 

y<Xt =1 

dy do 

= n °s N s,tXy,x{ r t, if); 

j/<x i=l s=l 

with iVj^ € 7?.o • 

Then, for every x € € r B x (M), 

d x do do do d y do 

J2 J2 n °s N s,tMKi ) = £ £ nsVsjMli - J2 J2 n °s N s, t Xy,x(r%i 

t= 1 s=l j=l s=l y<x t=l s=l 

Writing the matrices: 

M(A0^(/^) = (/i s ,j)M(M) x - ^M(iV) yX ^(rr,f). 

y<x 


We denote 


Tq- 1 = ( MsJ ), = (/£), r yi3: = (r»f), 

to obtain the desired equation: 

M (M) x = ToM(N) x (f> x (T x ) + J2 T oM(N) yX yA T yx)- 

y<x 

Conversely, if we have suitable matrices satisfying the previous equation, the 
dimension of M and N are equal. We define some morphisms /q : Mq —>• Nq by 
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using the matrix Lq and f x : M x —> N x , with that matrix T x , for all x £ T** 1 . They 
induce an eSe-module isomorphism N, because matrices are invertible. 

By using each matrix T x y . we define the morphism f x y : M x —>• N y ®iz y eyJe x 
which determine / 1 : Mi e*Je —> N\. 

We have the following matrix equation 

M(N) x cf x (T x ) = Tq 1 M(M) x -Y^M(N) yX y, x ( T y, X Y, 

y<x 

then, for all mf £ t B x (M) 

f x (mf)wi > 2 uo, x = fo(mfw lt 2 uo, x ) + f l (d e {w X 2 uo iX ))(m?)-, 

where uq, x is a generator of e x *Je o over eo S. 

Hence, the pair / = (/°, f 1 ) is a morphism from M to N in ModT> e . Moreover, 
it is an isomorphism, because f° is an isomorphism. The theorem is proved. □ 

We will show next, an application for this result. 

9.1.1 Matrix problem for corepresentations of p-equipped posets 

To a p-equipped poset To> we associate an algebraically equipped poset (CPo, G, Qo) 
as in Section 13.2.11 We construct (IP, G, Q), where T = To™ is obtained by adding 
to fP 0 a maximal point m and a minimal point 0, and Q = Qo m is obtained from Qo, 
as in (1231) . We know that Q is an admissible system and A = A(Q) is 1-Gorenstein. 

Due to the construction, Qo,* = G, for every x £ T, so clearly, Qo, x is one¬ 
dimensional over Qo, for all x > 0. We can apply to (IP, G, Q) the results of this 
section. 

Any D e -module M with local base, has a matrix representation M(M), with 
coefficients in Qo = G. 

We have Q x , y C Qo, for all x, y £ T, then Xx,y and (f> x are the identity trans¬ 
formation. 

By Theorem 1361 we have the following result. 

Corollary 37. Let M and N be two objects o/m odT> e , with local basis ‘B(M) and 
'B(N), respectively. Then M = N if and only if there exist: 

■ a non-singular square m.atrix To £ Mrf 0 ( G); 

■ for x > 0 in 7, a non-singular square matrix T x £ ( G) if x is strong, or 

T x £ M d, x (F) if x is weak; 

■ for each 0 < y < £ x in T a matrix T yx over F( 1,£,£ 2 ,..., 
such that, for every x £ T, x > 0, 

M(M) X = T 0 M(N) X T X + Y, T 0 M(N) y T yx . 

y<x 
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The category CoRepTo is equivalent to a subcategory of ModP e , this equiv¬ 
alence induces an equivalence between corep To , the full subcategory of CoRepTo 
whose objects are of the form (L, Lj : i £ To) with L a finite dimensional G-vector 
space, and a full subcategory of modi? 6 . So the previous result determines a matrix 
problem for corepresentations of p-equipped posets. 

9.2 Matrices over 7 Z x , for all x £ 

Let / = (Z 0 ,/ 1 ) : M —> N be a morphism in mod V e . Recall that / 1 € Homgs_g5(T e # e (etRe)i, Hom^(M, 
is determined by its restriction to w±e*Je, and, in turn, this morphism is com¬ 
pletely determined by / 1 : Mi ge*Je —» N\ where f 1 (mg'y) = f 1 (wi r y)(m), para 
m £ Mi, 7 G e * Je. 

We denote by £ : eo Je e Je —>• eo Je the morphism, such that £(a (gib) = ab 
for all o € eo Je, b £ eJe. 

The ^-module structure of M is given by a morphism 

h,M ■ Mi (g> e * Jeo — > Mq : m g 7 e->- mwipj, 
for m G Mi y 7 £ e * Jeo- 
Proposition 38. A pair of morphisms 

(Z 0 ,/ 1 ) € Homs 1 (M, N) x Hom M _ a (T efle (elL e )i, Hom^(M, N)) 
is a morphism from. M to N in Mod T> e if and only if 

h N fi = (Zo ® id)fiM ~ (id g s)(hN g id)/ 1 , 

where Zo : Mo —>• No and Zi : Mi —>• N\ are morphisms induced by f°, and 
f 1 correspond to ,Hm, f 1 , respectively, following Remark [731 

Proof. Consider some 7?o- s P ace morphisms 

cr 0, ai,cr2 : Mi g e * Je 0 -t N 0 , 

defined as follows, for m £ Mi, A G e* Jeo, 

00 (m <8 A) = fi(m)wi }2 \, 

01 (m ® A) = fo(mw lt2 X), 
cr 2 (m g A) = Z 1 (J(u>i,2A))(m). 

The pair (Z°, Z 1 ) is a morphism in ModD e if and only if 00 = 01 + 02 and, by 
Remark [35l this happens if and only if 00 = 01 + 02 • 

We have ao = /tv(Zi g id) and 07 = Zo Hm, therefore, 

00 = ^M 1 ,N 0 (hN(fi ® id)) = (Hn) fi = hjyf/, 
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5i = Smi,at 0 (/o^m) = (/o ® *^)Smi,m 0 (^m) = (/o ®id)hM- 

Let £>o be a basis for eo</, and /?i be a basis for eJ, as left eS'-modules. If 
p G £>o U £>i, its corresponding element in the dual space p G e*Je, is such that 
p(iu) = 0, if w G Bo UBi with w / p, and p(p) = eo, if p € Bo or p(p) = e, if p G B\. 
We have 

02 (m) = ^ f l (d(w 1 ^p))(m) ®p 
peBo 

= — Y, / 1 (u’i/i ® ivi^vpiyVp)){m) ®p 

P,vGBo 

peBi 

= — ^ f l (w\fi)(m) <g> wi^p(yp)) ®p 

p,v&Bo 

P&Bi 

= - ^ / 1 (rei/l)(m.)r(;i ) 2J> <8> 
v£Bo 

p&Bi 

= — ^ h]y(f 1 (iPifi)(m) <g> v) ® i//i 
ueBo 

p.£Bi 

= —(id <g> £) ^ hN(f l (wifi)(m) ® 0) ® v ® p 

pGBo 
p,eBi 

= -(id®s) ^2 hN(f l (wip)(m)) ® p 
MGBi 

=—(id ® £)(h]y ® id) ^ f l (w\p)(m) ® p 
\mgBi 

= —(id® £) <g> id )}^ (m). 

It follows that (/°, Z 1 ) is a morphism in ModD e if and only if 

h-Nfi = (fo ® id)d M - (id &£)(hjv <8> id)/ 1 , 

as we wanted to prove. □ 

Suppose that 1Zq, x is one-dimensional over 1Z X , for all x G 1P W . Let vq, x be a 
generator for TZo,xi as T^-space. 

For every a G TZq, there exists some p x (a) G 1Z X such that avo :X = Vo, x p x (a), 
then there is a field morphism p x : TZq —> TZ X : a H > p x (a). 

Besides, Vo . y r G TZq >x for every r G TZ y>x , so there is a 7vl x -hnear function 
Xy,x ■ fcy, x -t Tix such that v 0 , y r = v 0 , x Xy,x(r), for all r G Uy jX . 
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If B(M) is a finite local basis for a LT-nrodule M, we associate to it a matrix 
M(M), divided into stripes M (M) x , for every x £ , where each M (M) x has size 

do X d x , and coefficients in 1Z X , which we denote . such that 


do 

h M (mf) = ^ m- (8> u 0 , x M T, 
j =i 

for «o,a; = eo,aTo,x) "rf € B(M) D M x and € B{M) n Mq. 

With this notation we have the following result. 

Theorem 39. Two objects M,N £ modi’ 6 , with local basis “B(M) and B(N), 
respectively, are isomorphic if and only if there are non-singular square matrices 
To £ Md 0 (7£o); T x € M dx (K x ), for all x £ T™, and for each y < x in T m , a matrix 
Ty X £ x dy ,x ) > such that 

M(M) X = p x (T 0 )M(N) x T x + p x (To)xy,x(M(N) y Ty tX ). 

y<x 


Proof. Consider an arbitrary pair 

(Z 0 ,/ 1 ) £ Horn s(M,N) x Honv S - e 's(T eRe (eWe)i, Rom K (M, N)), 

the morphism f° induces an 7^-o-hnear morphism /q : Mo —> No, and an 7A x -linear 
morphism, f x : M x —>• N x , for each x £ . 

Let Lq = (Cji) and T x = (rff) be the matrices of /g and f x , with respect to 
B(M) and B(N). 

The vectors d(M) = (d x f : x £ 1P W ), d(N) = (d x : x £ T 111 ) are the dimension 
of M and N, respectively. 

For mf £ B(M) fl M x we have 


< 


2 «) = £ £ 


rij ® e VyX t 


y,x 


y<x j =l 


with t v N £ 1Zy tX . 

Hence, (/°, f 1 ) determine some matrices Lq, T x and T y . x = (t v N), as we wanted. 
Conversely, if there exist some matrices Lq, T x for all x £ and T yx for each 
y < x, as in the hypothesis, they define a pair (f°, f l ). Moreover d(M) = d(N). 

By the previous proposition, the pair (f °,Z 1 ) is a morphism from M to N, if 
and only if, for every mf £ B(M) fl M x , 

hNfx{mf) = (fo ® id)h M (mf) - (id <g> q)(h N <g> id)f-(mf ). 


44 



We have. 


d* 


< 


h N fx( m i) = J2^ N ^ r j,i) = ^Z' h N (n x j )r 

3 =1 3 =1 


a; 


< < 


EE n° <8> uo^Ngjrj^; 

j =i s=i 


besides, 




(/o ® id)h M {mf) = ^(/o (8> id)(m° <g> u 0 , x M^ 
3 = 1 


d 0 M < 


EE n°c Sii ® uo^Mji 

3=1 .5=1 


< 


EE Tig ® CO,xCs ,jVO,x^^' 

j = 1 5=1 


X 




EE 7l s ® CO,x^O ,xPx{ps,j)Mjj, 

3= 1 S =1 


< 


— ^ ] n s ® Tlo,xP X { c s,j)Mjj. 

3=1 5=1 

To write the whole equation in terms of the basis of iVo, 


< 


(id <8> £)(^m <8> id)/ 1 (mf) = ^ ^(id ® £)(/im <8> id) (rtf <g> e yjX tfJ 

y<xj =i 


< < 


EEE<«®£) n° <g> e O,yVo,yN^j ® e^ad 

y<x j=l s=l 


3/,® 


< < 


EEE n° s <S> e 0 , x v 0 , y N y s j i 

y<x j =1 s=l 


.3/>s 


< < 


EEE n s ® d(),x'U0,xXy,x (i^s ,j^ 

y<x j =1 5=1 


■3/>®\ 


< < 


Z Z Z 0 “ 0 ,xXyA N s,j ty jli 

y<x j =1 5=1 



The pair (Z 0 ,/ 1 ) given by the matrices Lq , T x , T yx determines a morphism 
from M to N if and only if: 

M(N) X T X = p x (L 0 )M x - ^2 Xy,x{'M-(N) y Ty jX ); 

y<x 


or equivalently: 


Px{L o)Mj; — "M(N) X T X + Xy,x(M(N) y Ty tX ). (27) 

y<x 

Moreover, (Z 0 ,/ 1 ) : M —> N is an isomorphism if and only if (12711 holds, with 
non-singular square matrices Lq and T x . By denoting To = L^ 1 , this is equivalent 
to 

M(M) X = p x (T 0 )M(N) x T x + y ^ p x (T 0 )x y ,x(M(N)yT ytX ), 

y<x 

and the theorem is proved. □ 

We will apply this theorem to obtain matrix problems to classify representations 
of generalized equipped posets and p-equippcd posets. 

9.2.1 Matrix problem for representations of generalized equipped, 
and p-equipped posets 

Consider an algebraically equipped poset (7q,A, 7o) as in Section 13.II or IT2.21 we 
construct (IP ,A,T), where T = To™ is obtained by adding to (Po, a maximal point 
tn and a minimal point 0, and T = 7o W is obtained from 7o, as in (123(1 . 

Recall that A = (Endj< L) op , where L is a normal extension of degree n over K 
(it could be purely inseparable or a Galois extension). Clearly, L = K(£), for some 
primitive element £. 

For each x G (Po, we have T x = (Endiqx) L) op , for some field K C K(x) C L. 
Hence, if n(x) is the degree of L over K(x), a K(x)-basis for L is {1, £, £ 2 ,... , £ n ( x ) -1 }. 

Therefore L = K(x) ©ZK(x) + ... + £ n ( x ) _1 K(x). For all j 6 {0,1,... ,n(x) — 1}, 
there are projections tt x : L —> £*K(x), and inclusions i x : £*K(x) —>■ L. In particular, 
we have idempotents £ x = i x 7r x , and the identity id\_ = Yli=o 1 £ x is a sum of 
orthogonal primitive idempotents mutually isomorphic. 

As in Section ED we construct an algebraically equipped poset (T, A,1Z), with 

the admissible system 7 Z = {TZ x , y = £ x Tx, y £y} x < y , in such a way that the algebras 
_ x,y&7 

A(T) and A(77.) are Morita equivalent. Notice that 1Z X = K(x). 

For any f G A, the image of £*, for all i € {0,1,... ,n — 1}, has the form 
Z(0 = Y^j=o a «+i,i+i^, with some aj+ ij+i G K. We have an isomorphism 

@ : A —> M„(K) : f h > (di+ij+i). 
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If X is a subset of A, we denote by X its image in M n (K) under the isomorphism 

0. 

There are two additional algebraically equipped posets (IP, M n (K), T), where 

T = {T x , y } x<y , and (IP, M n (K),7£), where TZ = { TZ xy } x <y ■ The algebras A(T) 
x,y€.y x,yE.y 

and A (TZ) are Morita equivalent. 

We will use the following notation: 

e x = 0(e°) for all x G ?; 

m a = 0(^a) for all a G L; 

A x = K (m a G M n (K)|o G K(x)); 

the definition of /r a is in ([3]). 

The admissible system TZ has the following property. 

Lemma 40. For every x € IP, the TZq —TZ X -bimodule 74,x, is one-dimensional over 

1Z X . 

Proof. We have that 74,x is an 74-vector space, hence, its dimension over K is 
a multiple of diniK74 = dim«K(;c). On the other hand, 74.x is isomorphic to 
£oM n (K)e x , which is isomorphic, as K-vector space, to HomK(K, K(x)). This last 
space has dimension diniKK(x), consequently dim^T^-o.x = L and the lemma is 
proved. □ 

For any TT-module M, with hnite local basis 2>(Af), we construct a matrix 
representation such that JA.(M) X G for x G T, x > 0. 

Each TZ X is isomorphic to K(x), then, by using the isomorphism 0, we will 
construct matrix representations with coefficients in K(x). To do this we will use 
the following result: 

Lemma 41. For every x G 7, x > 0, we have 

74 — £ x ^^ x £ x . 

Proof. Each a G K(i), determines a [i a G T x , then £ x m a £ x G £ X T X £ X = 24- Hence, 
£ x A x £ x C TZ x . 

The elements in ]Z X have the form 0(a), for a = £ x a£ x , such that a G 
End K(x) L. 

If a 7^ 0, notice that a(l) G K(x) and a(a) = a(l)a, for all a G K(x). Denoting 
c = a(l), we have a = £ x fi c £ x . Hence, 0(a) = £ x m c £ x , therefore TZ X C £ X A X £ X , 
which finishes the proof. □ 

Every r G fZ x = can be written as r = £ x m a £ x , for some a G K(x), so we have 
an isomorphism: 

4> x '■ Hxc K(x) : £ x m a £ x i->- a. 
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From the matrix M (M) x , with values in 1Z X , we get the matrix M (M) x over 
]Z X i and then, we obtain the matrix 4> X (M(M) X ) with coefficients in K(x). We 
denote: 

M x = MMM)x). 

The matrix M_ divided into vertical stripes M x , for all x £ IP, x > 0, is called 
matrix representation of M. 

To calculate p x : TZq —>• ]Z X , we use the next lemma: 

Lemma 42. The idempotents satisfy 


£q£ X — £-0) 


for every x £ 7. 

Proof. We have £q = 0(£q) and £ x = 0(e°). To prove our lemma is enough to 
show that £°£q = £g. 

Let i x : K —y K(.x) be the inclusion, then, 


p°p° = /°7r° /°7r 0 
CjTo x"x 0"0‘ 


Clearly, tt x Iq = i x and i x i x = /'{], hence, 


-00:0 0 
x^x 0^0 


= i°o4 = £ 


0. 

0 ) 


and our result is proved. □ 

In particular, £o £ Kqj, for all x € IP. We choose vq^ x = £q, to calculate 
Px '■ R 0 —>• ]Z X . For any £om a £o £ with a £ K(0) = K, we have 

£()^ta£'CT0,:r — — £0^0 n^a 


— ^O^x^a — £()£xTxm a — ^O^x^a^-x — ^0 ,x^x^a^xi 


then: 

p x {£om a £ o) = £ x m a £x ■ (28) 

For every y < x, let rf’ x ,.... Tpy :r) be an 7^,-basis for TLy )X - With the morphism 
Xy,x '■ 'K.y.x ]Z X , each rf’ x induces a K-vector space morphism uf x : K y —>• K, c , 
given by 


for all a £ K y . 

With this notation we have the following result. 


Theorem 43. Let M,N be objects in mod T> e , with local basis B(M) and r B(N), 
respectively. Then M = N if and only if there exist: 

■ a non-singular square matrix L° £ M d 0 (K)i 
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• for every x € 7, x > 0, a non-singular square matrix L x € M d x (K(x)); 

■ for each 0 < y < x in 7 some matrices L y ' x , ..., L y Q^ € M d y ,d x (K(x)); 
such that 

( hy,x) \ 

M* = K X L X + E E u T X (^y) L T X • (29) 

\ y<% i =i J 

Proof. By Theorem 1391 and the relation between the algebraically equipped posets 
(IP, A, TV} and (IP, M n (K),7£), we know that M = N if and only if there exist non¬ 
singular matrices To, of size do x do with values in JZ 0 , for every x € T, x > 0, 
a matrix T x , of size d x X d x over ]Z r , and matrices T yx , for each y < x with 
coefficients in fZ y x such that: 

M(M) X = p x (T 0 )M(N) x T x + E Px{To)Xy,x(M-(N) y Ty }X ). (30) 

y<x 

Every matrix T y>x can be written as Ty >x = Y^!i=f } r y ’ x T y ' x with T y,x € M dx ,d y ('R x )- 

It is clear that (j) x p x = (f>o- Then, with notation T° = </>o(To), L x = (f) x {T x ), 

L x ’ y = (j) x (T y ’ x ), we evaluate (p x in [30l to get: 

M x = L°(N_ X L X + E E <t>xXy, x mN) y T y ’ x )L y ’ x ). 

y<x i =0 

Besides, 

<j>xXy,x(M.(N) y T y,x ) = hXyAtfmWyT?*) = uf X (N y ). 

Converssely, if (1291) holds, by denoting To = 0 q 1 (T°), T x = <ff 1 {L x ) and 
T xy = T i’ X< Px 1 (^' X )’ an< ^ evaluating ff 1 in (1 2 9 [) . we obtain (1HU1) . which 

is equivalent to M = N. The theorem is proved. □ 

Let £\p € M n (K) be the idempotent matrix having 1 at the place (1,1) and 0 
otherwise, and I be the identity matrix. 

In particular, when (Pq is a p-equipped poset, n = p, and for x £ IP 


£x 


/, if x is weak, 

eip, if a: is strong. 


We are going to use some notation from Section f3. 2. 21 and let us introduce the 
following: 


g = 0(0); 

U = e K iMp(K); 

W = Mp(K)e 1)i; 

Re : L — > K : ao + + • • • + a p _i£ p_1 i->- ao, with ao, • • •, a p -i € K. 
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For every x, y € T, we have: 

(i) if V < p U < x < p x, then JZ yx = s^iKe^i; 

(ii) if y < p y < x < l x, then ]Z y x = U ; 

(iii) if y < x y < x < p x, then ]Z yx = W; 

(iv) if y < l y < l x < x x, then ]Z yx = A#. 

Notice that, for a strong point x, we are in the case (i), with y = x, then 

TZ X = £i iKei i, and when x is weak, TZ X = A t (case (iv) with y = x, t = 1). 

Obviously, if x is strong K(x) = K, or K(x) = L if x is weak. 

Now we can choose an 7^,-basis for TZ y x in each situation, and calculate the 
induced morphisms u y,x : 

When (i) or (ii) hold, dim^T^y = 1, so we put t\ ,x = e^i. For x strong (case 
(i)), t\' x induces u\' x : K —> K which is the identity. When x is a weak point, 
u ! ("‘ : K —> L is the inclusion, because for all a G K, 

uf x (a ) = (t>x{Xy,x( £ i,i m a £ i,i)) = <f>x{Xy,x{ £ ^ m a)) = <t>x(m a ) = a € L. 

I11 the case (iii), dim^T^y = p, then rf"' = m^i- i£i,i, for 1 < i < p. Each 
r y,x induces a u y,x : L —» K, such that for all b € L, 

uf x (b ) = <f> x (Xy,x( m b m S i - l£ iA)) = <l>x(Xy,x(m b zi- l£ i,i)), 


ns i i)£i,i? then 

uf x (b) = ^(egimRe^i-i^ip) = Re(6f '~ 1 ). 

Suppose that x and y satisfy (iv), we choose t-' x = d^ -1 , with 1 < j < i. For 
any b E L, 

u y j’ x (b ) = <j> x (Xy,x{ m b& i ~ 1 ))- 

If char K / p, then d = cr, where <7 is a Galois automorphism. We have 
£i,iH' 7 ~ 1 = £i,i- Hence, 

= ^1, _ 1 -1 ( 6 ) = £i,i"Vi-i(&)- 

When char K = p, we have d = 5, and egifl = 0. Then, 

/ j _ 

£l,l m b 5_ j ~ l = ^ ( j = £i,im sj -i( b y 

k =0 ^ ' ' 

Therefore, 

Uj’ x (b) = (f> x (m^~ i (b) ) = d J_1 (6). 
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Every M £ mod T> e with a local basis, has a matrix representation M , in which 
the stripe M T , for all x £ IP has coefficients in K, if x is a strong point, or in L, if 
x is weak. 

Denote by rep CPo the full subcategory of Rep CPo whose objects are of the form 
(V,r;V x : x £ CPo), with V a finite dimensional L-vector space. There is an equiv¬ 
alence between Rep To and a full subcategory of Mod T> e , which induces an equiv¬ 
alence of rep To with a full subcategory of modD e . Then, with the previous cal¬ 
culations, the next result determines a matrix problem which allow us to classify 
finite dimensional representations of a p-equipped poset To- 

Corollary 44. Let M,N be objects in mod IT, with local basis ¥>(M) and T>(N), 
respectively. Then M = N if and only if there exist: 

■ a non-singular square matrix L° £ M^ 0 (R); 

• for every x £ T, if x > 0 is a strong point, a non-singular square matrix L x £ 
■M d x (K), and for each 0 < y < x, a matrix L y,x of size d y x d x with values in K 
(L) if y is strong (weak); 

such that 

M x = L°In x L x + Y N_ y L v,x + Y MK y L y ' x ) 

\ y< p y<x y<}y<x 

■ for every weak point x £ IP, a non-singular square matrix L x € M d x (L)> f or 
each 0 < y < p y < x, a matrix L y,x of size d y x d x with values in K, and for 
0 < y < X y < l x, some matrices L \’ x ,..., L y,x € Jild y ,d x (L) 

such that 

= L°In x L x + Y K y L y ' x + Y E # l (Ny) L T X 
\ y< p y<% y<Py<x i=i 

Proof. It is enough to follow the theorem 1431 and the calculus of each u y ’ x , when 
To is a p-equipped poset. 

In particular, for x,y £ T, with x strong, y weak, and y < x, Theorem 1431 savs 
that there are p matrices L y,x £ for i £ {1, 2,... ,p} which we multiply 

by uf x (N _ y ) = ReQV^f- 1 ). 

We have 'Y) P i = iPLe{N_ y f( l ’~ l )L v i ,x , which is equivalent to have R e(N_ y L y,x ) for a 
matrix L y,x over L, and finishes the proof. □ 




A Appendix 

Here we follow [6], but instead of consider left-modules, we consider right-modules. 


51 


A.l Ditalgebras 

Let K be a field, R be a K-algebra and W be an ithbimodule graded over Z such 
that Wi = 0 for i > 1, i < 0. That is W = Wo © W\. 

Consider the tensor algebra T R (W) with the graduation induced by the grad¬ 
uation of W. For every r € R C T R (W), we have gr(r) = 0, and, for w i © 
• • • © wi € Tf{(W), with Wi £ W an homogeneous element, i € {1, 2then 
gr (w) = EU ig r (wi). 

For n € N, we denote by Tf{(W) n the K-vector subspace of T R (W) generated 
by products of homogeneous elements of W of degree n. We have T R (W) = 
® ( £LoT R (W) n , and T R (W) n T R (W) m C T R (W) m+n , then T R (W) is a graded K- 
algebra. Besides T R {W) o is a K-subalgebra and T R (W) o = T R (Wo). Each T R {W) n 
is a Tft (M- 7 ) o - b i mo d u 1 e. 

Definition 45. A differential in T R {W ) is a K-linear transformation 

d : T R (W) -> Tr(W) 


such that 

(1) d(T fl (W) m ) cT R (W) m+1 . 

(2) d(i?) = 0. 

(3) If a and b are homogeneous elements of T R (W) then 

d(ab) = d{a)b + (—1 ) gr ^ad(b). 

(4) d 2 = 0. 

Proposition 46. Let d : W —> T R (W) be an R-bim.odule m.orphism such that 
d(Wo) C T r (W )i y ci(VFi) C Tr(VF) 2 > then d can 6e extended to an R-bimodule 
morphism, d : T R {W ) —>• T R {W), satisfying the conditions (1),(2) and (3) of the 
previous definition. Moreover, d satisfies (4) if d 2 (W) = 0. 

Proof. We define d(r) = 0 for r € i? C Tr(W), and for w\,...,w n homogeneous 
elements of W, 

d(w i ©re 2 © • • • © w n ) = d(rci) © W 2 © • • • © w n 

n 

+ ^(-l) gr ^ 1 "' u ’ i - l) rai © • • • © © d(ny) © ny+i © • • • © iu n . 

We have Ahbimodule transformations 

d ( ci,...,c„) : W C1 © • • • © W Cn ->■ Tr(IF) 

with Cj € {0,1}. 
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Every W® n is a direct sum of i?-modules of the form W\ ± <g> W\ 2 0 • • • 0 W\ n 
with A i G {0,1}, then we have an i?-bimodule morphism d n : W 0n —> Tr(W), and 
therefore an R- bimodule morphism d : Tr(W) —> Tr(W). 

By its construction, d satisfies (1), (2) and (3) of Definition l45l 
Notice that d 2 has the following property: if a and b are homogeneous elements 
of T r (W) then: 

cP(ab) = cP(a)6 + ad 2 (a)b. 

When d 2 {W) = 0, we prove using induction on n , and the previous equation, 
that d 2 (wi ■ ■ ■ w n ) = 0 for every homogeneous Wi £W. □ 

We describe next some examples of ditalgebras. 

A. 1.1 Example 1 

Let Q = (Qo,Qh s,t) be a finite quiver with n elements, A = KQ be its path 
algebra, and e±, e 2 , ■ ■ ■, e n be the trivial paths. We put 

n 

R = J2 K eu Wo ='£ K 7 , Wi = 0. 

i =1 7GQi 

Then, the graded algebra Tr(W) = Tr(Wo) is a ditalgebra with differential 

d = 0. 

A. 1.2 Example 2 

From a partially ordered set ( V , <), we construct a bigraph whose vertex are the 
same as V, plus an additional point w. For every i € V., there is a solid arrow 
Oii \ i —> w, and for all i, j G V , such that i < j, there is a dashed arrow Xij : j —■* i. 
Consider the path algebra where e* is the trivial path in the point i G V U {re}. 
We define: 

r= 52 Ke *’ = Ekw, w 1 = 52 Kx i, j , 

iep U{jd} ieV i,j£V 

for each solid arrow a, 

d(ati) 

and for every dashed arrow Xi j 

d(xij ) 

i<r<j 

We have a tensor K-algebra Tr[W), with W = Wq © Wi, besides d(Wo) C 
Tr(W )i and d(W\) C Tr(W) 2 , then d is extended to a morphism d : Tr{W) —> 
Tr(W) satisfying (1), (2), (3) of Definition H5l 


— a i x i,j > 
i<j 

— 'y ^ Xi tV X r j. 
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Now we evaluate d 2 (W). For a solid arrow, 
d 2 (ai) = d \ - ajXij 

\ i<j 

= - 22 d ( a i) X i,j ~ 22 Olid(Xij) 
i<j i<j 

= 22 ^ 2 a i X i,r x i,j ~ 22 
i<j i<r i<r<j 

= ^ ^ (%iXi^ r X r j ^ ^ 

i<r<j i<r<j 

= 0 ; 

and for a dashed arrow 

d 2 ( x i,j) = d( 22 


yi<r<j 

= 22 d ( x i,r) x r,j — 22 X i,r d ( x r,j ) 
i<r<j i<r<j 

= 22 ^2 X ht X t,r xr , 3 ~ 22 ^2 x i,r x r,tXt,j 

i<r<j i<t<r i<r<j r<t<j 

= 0 ; 


Hence, (Tr(W), d) is a ditalgebra. 


A. 1.3 Example 3 

( R R 

^ ), which is a K-algebra and 

/7-bimodule, with the operations: 

X] X2 \ f rx i rx2 \ , ( x\ X2 \ ( x\r X2r 

r ' 0 X3 ) = ( 0 nrj “ ld 0 X3 J r= l o x 3 r 


We define nd = 1 * 0 ) ’ ^ ^ ( 0 1 ) arld Wl - 2 ^ ( 0 0 

Then W = Rw\^R © Rw\R © Rw 2 R- 
We put: 

Wo = Rwi^R, W] = Rw\R © Rw 2 R- 

Then Tr(W ) is a graded K-algebra. 

The /©morphism d : W —> Tr(W) given by 

d(wi,2) = VJl;2 © W2 - W\ © Wi'2, 


an 
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d{w\) = —W\ © W\, <£{W 2 ) = —w 2 © W2, 

be extended to a morphism d : Tr(W) —> Tr{W) satisfying (1), (2), (3) of 


can 
Definition |45j 
We verify 


d 2 (wi) = — ct{w\) © w i + w\ ®d(wi) = 0 
d 2 (w2) = —d{w2) ®W2 + VJ2 ®d(u>2) = 0 
d 2 (wi' 2 ) =d(wi ! 2 ) <S> W 2 + W \ t 2 © d(w 2 ) — d{w\) © w ^2 + wi ®d{w\^) 

= 0 . 


(31) 


Therefore d is a differential. 


A. 1.4 Example 4 

Let A be a finite dimensional K-algebra, which admits a decomposition: 

A = S' © J 

where S’ is a semi simple subalgebra of A and J is the radical of A. 

Consider *J = Horn 5 ( 5 J, S') and { 77 , 7 *}” = i a dual basis for 5 J, with Pi £ J 
and 7 i £ *J. 

We define p : * J —» * J ©g * J , 


Mt) = 7* ® IjlijPjPi ); 

*,j=i 

for all 7 £ * J. We say that p is a comultiplication because, given the multiplication 

m : J ©5 J —> J : a © 6 i->- ab, 
the following diagram commutes 

*J ^ ► *J ®s*J 



*(J®S J ) 


where 4> is the S-bimodule isomorphism defined as follows 

4>(p © z/)(a © 6 ) = u(ap(b)). 
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In fact 


7))(a ® b) = <h ^ X 7i <8> 7 j j 7 (PjPi)(a ® b) 
= $ ( X 7 * ® 7j j (a ® b)~f(pjpi) 


X 7j(a7i(b))j(pjPi) 

J = 1 

n 

X l('Yj( ar Yi(b))p j Pi) 


*J=i 

n 


^2'l(aii{b)pi) 


i— 1 

= 7(a&). 

We have the graded algebra Tg(*J). By Proposition l46l the morphism p is 
extended to a 5-bimodule morphism <5 : Tg(* J) —» Tg(*J) satisfying ( 1 ), ( 2 ), (3) of 
Definition |45j 

For every a = a j ® aj e (* J) 2 , 


<S(o) = X ® - a i ® <K° 2 ) 

i 

= X /i(o|) (8) af — a* (8) p(af) = (p ® id)(a) — (id (8) /u)(a). 

i 

For 7 G *J, we have 


(32) 


< 5 2 ( 7 ) = 6 (<S( 7 )) = <^(m( 7 )) = (M ® *d)A*( 7 ) - (*<* ® m)^( 7 )- 


(33) 


Notice that 

n 

(id (8) ju)/x(7) = X 7 * 0 ^(lj)l(PjPi) 

*7=1 

n 

= X 7* ® 7r ® 7*7? (PtPr )7 (PjPi ) 

i,j,r,t=\ 

n 

= X 7* ® 7r ® 7t'7 (7j (PtPr )PjPi ) 

i,j,r,t=l 

n 

= X H®lr®ltl(PtPrPi)- 

i,r,t=l 
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Besides, 


n 

(p <g> id)/x(7) = Y M7») ® IjliPjPi) 
i,j =1 

n n 

= EE 7r (8 ItliiPtPr) ® IjlijPjPi) 
i,j=l r,t= 1 
n 

= Y ( PtPr)ljl{PjPi ); 


and, for w G J 


n n 

Y 7t(PiPrbj7(PjPi)(«0 = X] " fj( u Hi(PtPr)h(PjPi ) 
*,i=i *d=i 

n 

= Y r Y('Yj( wr n(ptPr))pjPi) 

i,j =1 

n 

= X^7( w 7*(PiPr)p;) 

Z =1 

= 7 (wptPr) 

n 

Z =1 

n 

= Y'Yliu’hiPlPtPr); 

1=1 


hence, 

n n 

Y 'yiiptPrhjiipjPi) = Y^ 1 'yipiPtPr)- 

i,j= 1 /=1 

Therefore, 

(id <g> /x)/x( 7 ) = < 8 > id)^( 7 ), 

then h 2 ( 7 ) = 0. By Proposition 1461 6 satishes (4), and *4 = (Ts(*J),h) 
ditalgebra. 


A.1.5 Example 5. Drozd’s ditalgebra 

Let A be a K-algebra as in example 4. We define 


12 = 


5 0 
0 5 


,W 0 


0 

0 



*J 0 \ 

0 *j y' 


(34) 
is a 
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As Wo and W\ are itl-bimodules, we put W = Wo © W\. We obtain a graded 
K-algebra T R {W). 

Consider a K-bimodule Z = f ^ J , as in Example 3, the elements 


to i 


1 0 
0 0 


,w 2 


0 0 \ 

0 1 J ’™ 1 ’ 2 



(35) 


and the K-algebra T«(©) with differential d, such that 

d(wi >2 ) = Wl,2 © W‘2 ~ Wi © fOi ; 2, d(w\) = — W\ © W\, d(w 2 ) = —102 © W 2 . 

We multiply * J by Z using a S- K-bimodule morphism 0i and a K-S-bimodule 
morphism 0 2 


01 : *J ©k Z —>• W : 7 © 


xi x 2 
0 x 3 


!->• 


7 x 1 7 x 2 \ . 

0 7x3 y ’ 


02 : © ©K V -7 W : f * 2 
V 0 *3 

We denote 7 u = 0 1(7 © o), and 07 = 02 (o © 7 )) f° r 7 € *J, z £ Z. We have, 
for all s € S 

(7 s)z = (72)5, 2(57) = 5(2:7). 

For every n € N, there is a K-S'-bimodule morphism 


1 7 i-)- 


X 17 

0 


x 2 7 

X37 


* : Z m © K (*J)® n -7 W® n , 


such that for 2 = (21 © 22 © • • • © z n ) € Z® n ,a = (ai © 02 © • • • © a n ) € (* J)® n , 


*(2 ©a) = 2 * a = ( 2:301 © 2202 © • • • © z n a n ). 


Any element w € W can be written univocally as: 


w = lor or + 103 , 203,2 + w 2 a 2 , con 03 , 072 , a 2 G * J, 

then, we define 

d(w) = d(toioi) + d(ioi, 203 , 2 ) + d(w 2 a 2 ) 

= d(wi) * n{a\) +d(wi' 2 ) * /i(oi )2 ) +^(ro 2 ) * //(a 2 ). 

Clearly d : W —> T R (W) is an i?-bimodule morphism which can be extended 
to d : T r (W) —y T R (W), satisfying (1), (2), (3) of Definition Hoi 
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Consider w = w\a± + ^ 1 , 201,2 + W 2&2 € W, to show that d is a differential, we 
calculate 

d 2 (w) = d{d(wi) * p(a\) + d(u>i :2 ) * ^(< 21 , 2 ) + ^(u; 2 ) * M(a 2 )) 

/ n n 

= d y W17 i <g> w 1 'y j ai(p j p i ) + y w 2 ji <g> w 2 ^ja 2 (pjPi) 


\i,j =1 i,j =1 

n n 


+ d y rci 7 i <g) wi ) 2 ^jai ) 2 (pjPi) - y wi, 2 7 i ® w 2 -/ :j a U 2 (pfp t ) 


<i,j= 1 


i,j= 1 


^ d(w 1 )p('y i ) ® wi'y j ai(p j p i ) - y rci 7 j <8>^(wi)At(7j)«i(PjPi) 


M=1 

n 


*,j=i 

n 


+ y d(w 2 )p(^i) <g> w 2 -fja 2 {pjPi) - y tc 2 7 i ®d{w 2 )p{'~!j)a 2 {pjPi) 

i,j =1 i,j=l 

n n 

+ y d(wi)p('y i ) ®wi^ j ai' 2 (p j p i ) - y ici7i ®d(w lt2 )p(^j)ai i2 (pjPi 
i,j= 1 *,i=l 

n n 

- y 2)^(7*) ® w 2 ljai l 2 {pjPi) - y 101,27* ®d{w 2 )n{lj)ai l2 (PjPi 

i,j=l i,j=l 

= (d(wi) <g> wq) * (/U <g) id)/^(ai) — (uq <gi£?(/uq)) * (id <g) p)p(a\) 

+ (d(w 2 ) <g io 2 ) * (/r <g> id)p(a 2 ) - (w 2 ®d(w- 2 )) * (id <g> p)p(a 2 ) 

+ (<^(wq) ® u>i )2 ) * (/r <g> id)p(ai t2 ) - (uq ®d(wi, 2 )) * (id <g> /r)/i(oi i2 ) 

- (^(117,2) g) io 2 ) * (/r <g> id)/i(oi i2 ) — (wi,2 ®d(w 2 )) * (id <g> p)p(ai )2 ), 


by using 


= — (— d(w\) (g> uq + uq g)d?(uq)) * (p<S> id)p(a\) 

- (~d(w 2 ) ®w 2 + w 2 <g )d(w 2 )) * (/u. (g) id)p(a 2 ) 

- (d?(uq, 2 ) <g> w 2 + 101,2 ®d(w 2 ) -d(wi) (g) uq , 2 + uq (g>^(wi i2 ))(/r <g> id)/u(ai )2 ) 
= 0 , 

due to the equations (1311) . 


Therefore, we have the ditalgebra 

V = (T R (W),d). 
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A.2 Representations of ditalgebras and Equivalences 

In this section, given a ditalgebra A = (Tr(W), d ), we will deal with the category 
Mod *4,, of representations of A , whose objects are the right T/j(IV)o-niodules. 

A morphism / : M —> N in Mod A is a pair / = (/°, A), where /° : M —> N 
is a right ii-module morphism, and / 1 : Tr{W)\ —>• Homfc(M, V) is a Tr(1V)o- 
bimodule morphism, such that 

/°(m)a = /°H + / 1 (%))(m), (36) 

for all a £ Tr(W) o, m £ M. 

Recall that for v € Tr(W)±, we have d(n) = Yliei v l ® v f ; f° r a set -b a nd some 

A,AeT R (ini- 

We have d(n) € Tr(W)\ ®t r (W ) 0 Tr(W) i, if / : M —> N and g : N —» L are 
morphisms in Mod A consider the following TR(W)o-bimodule nrorphisms 

T r (W )i © T*(W0i -^4 Hom fe (M, IV) © Horn k (N, L) —+ Hom*(M, L); 
where, for all v,w £ Tr(TT)i 

n (E> w / 1 (n) (E> fl ,1 (w) g 1 (w)f 1 (v). 

We define 5 / = (gf) 1 ) a s follows 

(. gf)° = 9°f °; 

(gff(v) = s 1 (v)f+g°S l (v) + ^g l (v?)f I (v>). (37> 

The pair id = ( idM , 0) is the identity for this composition. 

We are going to see, next, some equivalences between the categories of rep¬ 
resentations of the ditalgebras of Examples IA.1.41 and IA.1.51 and some categories 
determined by modules over an algebra A = S' © J, where S is a semisimple sub 
algebra of A and J is the radical of A. 

Proposition 47. Let A be a K-algebra such that A = S © J, and A = (Ts(* J), 5) 
be a ditalgebra as in Example \ A. l.f\ Then Mod .4. is equivalent to the category of 
right projectve A-modules Proj A. 

Proof. Given a dual basis {p t , 7 i}f = i ■ f° r sA with pi £ J y 7 * £ *J, for two 
objects M, N £ Mod A, and a morphism / : M —> N between them, we define 

F : Mod A —> Proj A; 


as follows 

F(M) = M <g> s A; 

F(N) = N® S A; 

n (38) 

F{f)(m © A) = f°(m) © A + ^ f 1 (‘7i){m) ®Pi^, with A £ A y m £ M. 
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Consider l G A 


F{f)((m <g) X)l) = F{f)(m S XI) 

n 

= f°(m) <g> A l+ Y / 1 (7j)(m) <g> PiXl 
2=1 
n 

= /°M ® A + ^/ i (7j)(?n) l 

2=1 

= F(f)(m S X)l; 


then F(f) is a right A-module morphism. 

For every s G S, i G {1,... n} 

(Z 1 <8> id){s^i iS)pi) = (/ 1 ® id)(ji Spis) 
/ 1 (s7i) ®Pi = ®ViS 

/ 1 (s7i) ®Pi = (f l (li)®Pi) s - 


Therefore 


F(f)(m <g> sX) = f°(m) (g> sX + Y, f 1 ^i)(m) SpisX 

i= 1 
n 

= f°(m)s<8> A + ^/ 1 (s7i)(?n)<8)piA 

i=l 

n 

= f°(ms) <g> A + ^/ 1 (7*)(ms) <8>p;A 
2=1 

= F(f)(m-s & A); 


then, F is balanced. 

Let M N L be a, pair of morphisms in Mod M. Consider the composition 
F{g)F{f){m SX) = F(g) ^f°(m) <g> A + ^ f l {li)(m) <8>PiA^ 

n 

= g°f°(m) S x + ^5 1 (7i)(/°M) 

n n 

+ ^2g 0 (f 1 (ii)(m)) spA+ Y 9 1 { / ij)f 1 ('yi)( m )®PjPi x - 

2=1 2J = 1 
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Recall that 5 (7*) = Ylrt=i 7r ® ItliiptPr), for all i £ {1,... n}, then the image 
of the composition gf is 

n 

F(gf)(m <g> A) = ( 5 -/)°(m) ® A + ^( 5 /) 1 ( 7 i)(m) (8>piA 

2=1 

n n 

= g°f°(rn) <S> A + ^5 1 (7i)(/°( m )) + ®Pi.\ 

2=1 2=1 

n 

+ 22 9 l {ltli{PtPr))f l {lr){rn)®Pi\ 

2,r,t=l 

n n 

= g°f 0 (m) ® A + ^ff 1 (7i)(/°M) ®PiA + 

2=1 2=1 

n 

+ 22 9 l {li)li{PtPr)f l {nr){rn)®Pi\ 

2,r,t=l 

n n 

= g°f°(m) <g> A + XV(7*)(/°( m )) ®P* A + 5^5°(/ 1 (7*)M) ®K A 
2=1 2=1 

n 

+ X] 9 1 (lt)f 1 ('Yr)(m)'yi(ptPr) ®P*A 
2,r,t=l 

n n 

= 9 °f°{m) ® A + J^ff 1 (7i)(/°M) ®K A + SZsVfrOM) ®K a 
2=1 2=1 

n 

+ 22 9 1 ('yt)f 1 {lr){m) ® li{ptPr)Pi^ 

2,r,t=l 

n n 

= <g> A + ^ff 1 (7i)(/°M) <g>PiA + J^5°(/ 1 (7i)M) ®P* A 

2=1 2=1 

n 

+ X] 9 ,1 (7i)/ 1 (7r)Ol) ®PtPA 
2,r,t=l 

= F( ff )F(/)(m(g)A). 

Hence, i 7 is a well-defined functor. 

Any right projective A-module M, can be written as M A, then i 7 is dense. 
Suppose that / = (Z 0 ,/ 1 ) : M —» iV is a morphism in Mod.4 such that 
F(/) = 0. Then, when A = 1 € A, 

n 

f°{m) <g> 1 + ^ / 1 (7*)( m ) ® Pi = 0, 

2=1 

for all m G M. 
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Notice that 


F(N) = iV(g> s A 

= N® s {S®J) 

= ( N® s S)@(N ® s J); 

we have f°(m) (g> 1 € N <g>s S y Y^i=\ / 1 (7*)( m ) ®Pi^N ®s J, then 

n 

f°(m) <g> 1 = 0 y X / 1 ( 7 i)( m ) ®Pi = 0 , para toda m € M, 
2=1 

therefore /° = 0. 

For 7 £ * J, consider 

M (8)5 J M ® s S -=->• M; 

such that, for all u £ J, m £ M 

m (E> u 1-7 m (8> 7(14) i->- m^(u). 


Hence, 

id M <S> 7 ^X / 1 ( 7 i)( r ”) <8> = 0 

n 

®7(p<) = 

2=1 

then, 

n 

X-^MMtCpO = 0; 

2=1 

n 

X^( 7i7(Pi))M = 0; 

2=1 

by the properties of a dual basis 7 = ^“ =1 7i7(Pi)> therefore 

/ 1 ( 7 )( m ) = 0 , 

so / 1 = 0 , and we conclude that F is faithful. 

Consider the projection 7 To : A —>• S', and the morphisms 

7 : A —> S', obtained by defining 7 (s) = 0, for all 7 G *J,s £ S. 


(39) 
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The set ttoj 7 i}f=i i s a dual basis for 5A. Indeed, for every A £ A, 

A = vr 0 (A) + (A — vr 0 (A)); 
we have A — 7 To(A) £ J, 


n 

A = 7 t 0 (A) + ^7i(A- 7r o(A))p* 

2=1 

n 

= tt 0 (A) + ^(7i(A) - 7 i( 7r o(A)))K 
2=1 
n 

= tto(A) + ^7i(A)ph 
2 — 1 


because 7 To(A) £ 5 . 


Let h : M <8ig A —>■ IV <8,s A be a A-module morphism, we define a 5 '-module 
morphism, as follows 

fh( v ) = m(id N (8 TT 0 )(h(v <8 1)), 


where v £ M, and m is an isomorphism m : N (g>s S N :tn8s£ ns. 

For every 7 £ * J, taking into account ( 1391 ) . we define 

fh( 7 )(dO = <8 l){h{v <8 1)). 

Suppose that h(v <8 1 ) = Yllr=i n r ® -V, for some ?r r £ iV, A r £ A, then, for 
s€S, 


fh( s l)( v ) = rn(id,N ® s^y)(h(v <8 1 )) 

(8 s7(A r ) 


= 771 


kr=l 
' t 


m n r ® 7(A r s) 
Vr=l / 

t 

y~]n r 7(A r s) 


r=l 


= m{id,N <8 s^)(h{v <8 l)s) 
= m{id,N <8 s7)(/r(u <8 s)) 
= m{id,N <8 s^){li{vs <8 1)) 

= fhh)( vs )- 
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Besides 


fh(l s )( v ) = rn(idjsr <8> 7 s)(h(v <8> 1)) 

= m Hr ® 7 S (-V)^ 

= m ^2 n r C8> 7(A r )s 


\r=1 


y^n r 7(A r )f 


r=1 


= m(id]y <8> s7)(/r(u <8> l))s 

= fh( l)iv)s- 

Therefore : *J —>• Homfc(M, N) is a S'-bimodule morphism, and ft l = 
(/°, /^) : M —> N is a morphism in Mod„ 4 , such that, for all A € A,?; € M 


F{fh)(v 8> A) = /£(» (8) A + 5 ^/ft( 7 i)(w) 8>p,:A 

2=1 

n 

= m(id,N <8> iro)(h(v <8> 1 )) <8> A + ^ m(zdjv 8> 7 i)(h(v <8> 1 )) <8> p*A 


2=1 

n 


m(id,N <8> 7To)(/i(u <8> 1 )) <8> 1 + ^ m(id]y <8> 7 i)(h(v <8> 1 )) <8>K 
using the dual basis of ^A, 


2=1 


= h(v <S> 1 )A 
= h(v 8) A). 

We conclude that F is a full functor, which finishes the proof. □ 

Consider the ditalgebra V, as in Example IA.1.51 

V=(T R (W),d). 

Every a £ Tr{W) 0, can be written as a = rciSi + W2S2 + w 1,27, for some 
S\,S 2 € S and 7 £ * J. 

A morphism / : M —> N in the category ModP, between two objects M and 
N, satisfies for all a £ Tr(W) 0, m £ M 

+ W2S2 + 1 ( 7 , 27 ) = f°(m(wisi + w 2 -S 2 + 1 ( 7 , 27 )) 

+ f 1 (d(wisi + W2S2 + wi t 2 'y))(m) 

f°(m)wisi + f°{m)w 2 S2 + f°(m)w 1,27 = /°(to)k7Si + f 0 {m)w 2 S2 + f°(mw 1,27) 

+ f 1 {d(w lj 2 'y))(m), 
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then. 


f°(m)w 1,27 = f°{mw lj 2 j) + / VCwi^) * 

n 

= /°(mwi,27) + E u 'i,27i/ 1 ( u; 27i7(PiPi))("i) 

*7=1 

n 

- E / 1 ( u; i7*)^i,27j7(PjPi)( m ) 

*^i ' (40) 

n 

= /°(mwi,27)+ E / 1 (^27i)(" 1 ^i,27i)7(PjPi) 

*>i=i 

n 

- E / 1 (^i7*)M'^i,27i7(Pj7'*)- 
*7=1 

We are going to define, next, a category of morphisms which is equivalent to 
ModP. 

Definition 48. Let A = (Tg(* J), <5) be the ditalgebra of Example I A. 1.41 we denote 
by A4^(A) a category whose objects are morphisms in Mod .A, of the form 


i/j = (0, VO : Mi -7 M 2 . 


The morphisms between them are pairs of morphisms (/, < 7 ) in Mod A, such 
that the following diagram commutes 


Mi 


(0 ,j>M) 


M 2 


/=C/ 0 ,/ 1 ) 


9=(9°,9 1 ) 


iVi ->■ iV 2 

(0,i/*Jv) 


We have the following result: 

Proposition 49. From a K-algebra A = S © J , using the notation of this section, 
we construct the ditalgebras A = (Tg(*J),<5) andT> = ( Tr(W),cI), and the category 
of morphisms M.\{A). 

Then the categories ModP and M\{A) are equivalent. 

Proof. Let lg be the unit in S, notice that uqlg y u> 2 lg are idempotents in 

r «W»=(o s)- 

For any object M G ModP, we denote 

Mi = Muqlg; M 2 = Mw; 2 lg- (41) 
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By the right 7 R(VF)o-module structure of M, we have that M\ and M 2 are 
right S'-modules, M = M\ © M2, and for all 7 € *«/, the multiplication induces a 
K-transformation 

iPm( 7) : Mi —>• M 2 : m 1-7 
For every s € S, m G Mi, 

V’M(s7)(m) = mwips'y = msw \77 = ip m (7) (ms), 

besides, 

which proves that i/jm ■ *J ~> Horn*,(Mi, M 2 ) is a 5 '-binrodule morphism. 

Let M and iV be objects in ModD, and / = (/°, / x ) : M —> N be a morphism 
between them. We define 

G : Mod 

as follows 

G(M) = Mi M 2 , 

G(JV) = iVi JV 2 , 

G(/) = (/ 1 ,/ 2 ) = ((/i°,/i 1 ),(/ 2 °,/ 2 1 )); 

where /P = /°| Mi , and ^(7) = ^(wa), for every 7 G * J, for i = 1 , 2 . 

The morphism /° is a right i?-module morphism, so 

= f 0 (M Wi l s ) = f\M) Wi l s C W, 

then /P : M, —iVj is a right i?-module morphism. 

Consider 7 G *J, the product 1^7 G T^( 1 T) 1, is such that 

r /77 = ^15^7^15. 

We have that J 1 : Tr(W) 1 —»• Hom^(M, AT) , is a X/?(IF)o-bimodule morphism 

//('7) = / Vi7) = ^ils/ 1 (i<;i7)^ils» 

hence, 

fi (7) € Hom^M^W). 

Notice that, for 7 G J*,m G Mi, the composition (/£, / 2 )( 0 , V’m) = ( 0 , (^V'm) 1 ); 
is such that 

n 

i,j = 1 

n 

= f°(mwi j 2 n /) + X / 1 (^27i7(PjPi))( mw i,27i) 

*J=1 

n 

= f°(mw 1,27)+ X / 1 ( u; 27 i)(™t ; i, 27 i) 7 biP*); 

*j=i 
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and for (0,ip N )(fi, fi) = (0, Oiv/i) 1 ), we have 


n 

(V’iv/i) 1 (7)M = ^ Nh)(fi(rn )) + X ^N{ljl(PjPi))fl(li){rn) 

i,j =1 

n 

= f 0 {m)w lj2 l + X / 1 (w’i7i)(^)wi i 27j7(PiPi)- 

i,i=l 


Substracting, 

- (V’at/i) 1 (7)M = /°(raw 1,27) - f°(m)wi j2 'y 

n 

+ X] (/ 1 (^27i)(w,27i) - f 1 ( w l'yi)( m ) w l,2'yj) r Y(PjPi) ■ 
i,j=l 

Hence, (/hV’Af) 1 ^)^) ~ {ipN /l) 1 ^)! 777 -) = 0 if and only if (l40li holds. There¬ 
fore, G(/) is a morphism in J\A l (A), if and only if / is a morphism in ModD. 

We conclude that G is a full functor, because h = (( h 5, h \), (h®, h\)) : G(M ) —>• 
G(iV) is a morphism in M\(A) if and only if / = © W 2 ^sh%-,wilsh\ © 

w 2 l s h\) is a morphism in ModP, and G(f) = h. 

If a morphism / : M — > N in Mod V. is such that G(f) = 0, then /°(Mi) = 
/°(M 2 ) = 0, hence f° = 0. We have that x G Tr(W)i can be written as x = 
w\a\ +w 2 a 2 , for some 01,02 G *</, then f 1 (x) = //(«i) + f 2 (a 2 ) = 0. Therefore G 
is faithful. 

Let M\ m 2 be an object of M.\{A). We give to M\ © M 2 a right 

TR(W)o-module structure, with the product 


(mi m 2 ) 


si 7 

0 s 2 


(misi + m 2 s 2 ). 


Therefore, the functor G is dense, and the proposition is proved. □ 

Consider the following category of morphisms. 

Definition 50. We denote by A 7 ! 1 (A) the category whose objects are morphisms 
ip : P —>• Q, between right projective A-modules P and Q, such that Im</? C radQ. 
Its morphisms are pairs of right projective A-module morphisms, in such a way 
that the following diagram commutes 


P —^ Q 


h 


h' 


P’ -► Q’ 

A 


for every pair of objects ip, ip' G Ad 1 (A). 
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Due to the proof of Proposition [471 every morphism F(f) : M (gg A —> N (gg A 
between projective A-modules can be written as 

n 

F{f)(m <g A) = f°(m) (g) A + ^ f 1 ('Yi)(m) <S>Pi\ 

1=1 


for some morphism / = (Z 0 ,/ 1 ) in Mod A. 

We have that ^" =1 / 1 (7*)(m) (gp^A € iV <g,s J C rad(iV <g^ A), then ImF(/) C 
radiV (g 5 A if and only if /° = 0. 

Therefore Ad 1 (A) is equivalent to M\(A), and, in turn, to ModP by the 
previous proposition. 
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